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INTRODUCTION

The q u a n t u m - m e c h a n i c a l  p r i n c i p l e  o f  i n d i s t i n g u i s h -

a b i l i t y  o f  i d e n t i c a l  p a r t i c l e s  i s  o f t e n  i n t e r p r e t e d  w i t h

t h e  i d e a  t h a t  d u e  t o  t h e  o v e r l a p p i n g  o f  t h e  i n d i v i d u a l

p a r t i c l e  w a v e f u n c t i o n s , i t  i s  i m p o s s i b l e  t o  t e l l  w h i c h

f u n c t i o n  i s  d u e  t o  w h i c h  p a r t i c l e .

The p r i n c i p l e  o f  i n d i s t i n g u i s h a b i l i t y  c o m b i n e d  w i t h

t h e  s p i n - s t a t i s t i c s  o f  t h e  p a r t i c l e s  l e a d s  t o  e x c h a n g e

e f f e c t s  i n  o b s e r v e d  q u a n t i t i e s .

T h e r e  a r e  m a n y  e x a m p l e s  o f  e x c h a n g e  e f f e c t s  i n  p h y s -

i c s  a n d  c h e m i s t r y .  I n  n u c l e i ,  e x c h a n g e  e f f e c t s  o f  m e s o n s

l e a d  t o  i n t e r n u c l e a r  f o r c e s .  O n  t h e  a t o m i c  s c a l e ,  t h e

P a u l i  e x c l u s i o n  p r i n c i p l e  l e a d s  t o  t h e  e l e c t r o n  s h e l l

s t r u c t u r e .  B e t w e e n  a t o m s ,  s h o r t  r a n g e  i n t e r a c t i o n s  h a v e

r e p u l s i o n s  d u e  t o  d i s t o r t i o n s  o f  a t o m i c  e l e c t r o n  d i s t r i -

b u t i o n s .  I n  m e t a l s ,  e x c h a n g e  i n t e r a c t i o n s  a f f e c t  t h e

e l e c t r o n  d i s t r i b u t i o n s .  T h e  H e i s e n b e r g  s p i n  i n t e r a c t i o n

b e t w e e n  n e i g h b o r i n g  a t o m s  i n  a  f e r r o m a g n e t i c  l a t t i c e  i s

due t o  a t o m i c  o v e r l a p .  N u c l e i  s p i n - s t a t i s t i c s  a p p e a r  i n

t h e  r o t a t i o n a l  s p e c t r a  o f  d i a t o m i c  m o l e c u l e s ,  b o t h  i n

m o l e c u l a r  s p e c t r o s c o p y  a n d  i n  t h e  s p e c i f i c  h e a t  o f  t h e

gas .  I n  l i q u i d  3 H e  a n d  4 H e ,  t h e  d i f f e r e n t  p h a s e s  h a v e

d i f f e r e n t  e x c h a n g e  s t r u c t u r e s .  T h e  s u p e r f l u i d  p h a s e  o f
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4He s u g g e s t  t h a t  t o  a  l a r g e  e x t e n t ,  4 H e  a toms  c a n  b e

t r e a t e d  a s  b o s o n s .

We b e l i e v e  t h a t  exchange  e f f e c t s  a r e  a l s o  i m p o r t a n t

between more  m a s s i v e  o b j e c t s  l i k e  m o l e c u l e s ,  w h e r e  t h e

i n t e r m o l e c u l a r  f o r c e s  a r e  much weake r  t h a n  t h o s e  b i n d i n g

the  m o l e c u l e s  t o g e t h e r .  H e r e  we r e g a r d  t h e  m o l e c u l e  a s

a c o m p o s i t e  b o s o n  o r  f e r m i o n .  W e  c o n s i d e r  some o f  t h e

ways t h a t  exchange  c o n s i d e r a t i o n s  a f f e c t  t h e  e x i s t e n c e  o f

m o l e c u l a r  a s s o c i a t e s  l i k e  t h e  t r i m e r .

Th i s  t h e s i s  i s  d i v i d e d  i n t o  t w o  p a r t s .  P a r t  I  d e a l s

w i t h  exchange e f f e c t s  i n  a  many p a r t i c l e  s y s t e m .  P a r t  I I

t r e a t s  t h e  exchange e f f e c t s  i n  t h e  t h r e e - b o d y  p r o b l e m .

We t a k e  t h e  p o s i t i o n  t h a t  t h e  w a v e f u n c t i o n ,  e v e n  a

t r i a l  w a v e f u n c t i o n  i n  a  v a r i a t i o n a l  c a l c u l a t i o n ,  s h o u l d

c a r r y  t h e  knowab le  i n f o r m a t i o n  i n  t h e  f o r m  o f  quantum

numbers o f  t h e  s y s t e m .

There a r e  t w o  s p i n  c a s e s  f o r  a  t r i m e r  composed o f

s p i n - 1 / 2  f e r m i o n s :  t h e  t o t a l  s p i n  c a n  b e  1 / 2  o r  3 / 2 .  T h e

exchange s y m m e t r i e s  o f  t h e s e  t w o  f e r m i o n  c a s e s  a r e  d i f f e r -

en t  f r o m  e a c h  o t h e r  a n d  f r o m  t h e  boson  c a s e .  T h e s e  d i f -

f e r e n t  exchange s y m m e t r i e s  l e a d  t o  d i f f e r e n t  f o r m s  o f

v a r i a t i o n a l  t r i a l  w a v e f u n c t i o n s  w h i c h  l e a d  t o  d i f f e r e n t

v a r i a t i o n a l  e n e r g i e s  f o r  t h e  t h r e e  c a s e s .  F r o m  t h i s  we

conc lude t h a t  e v e n  o n  t h i s  r e l a t i v e l y  l a r g e  s c a l e ,  q u a n -

tum i n d i s t i n g u i s h a b i l i t y  i s  i m p o r t a n t  a s  i t  may i n  c e r t a i n
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cases  r e s t r i c t  t h e  f o r m a t i o n  o f  s o m e  o f  t h e s e  m o l e c u l a r

t r i m e r s .



PART I

MANY-BODY EXCHANGE EFFECTS
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CHAPTER 1

EXCHANGE CLUSTER INTEGRALS FOR HARD SPHERES

Exchange  e f f e c t s  r e s u l t i n g  f r o m  q u a n t u m  s t a t i s t i c s

o f  i d e n t i c a l  p a r t i c l e s  e n t e r  i n t o  q u a n t u m  e x p r e s s i o n s  f o r

t h e  p a r t i t i o n  f u n c t i o n ,  c o r r e l a t i o n  f u n c t i o n ,  a n d  v i r i a l

c o e f f i c i e n t s  o f  a  m a n y  p a r t i c l e  s y s t e m .  T h e  b e h a v i o r  o f

t h e s e  e x c h a n g e  t e r m s  i s  b e l i e v e d  t o  b e  r e l a t e d  t o  o b s e r v -

a b l e  p r o p e r t i e s ,  e . g . ,  t h e  X - t r a n s i t i o n  i n  H e l i u m .

A n a l y s i s  o f  t h e s e  t e r m s  i s  c o m p l i c a t e d  b y  t h e  e n o r -

mous n u m b e r s  o f  p o s s i b l e  e x c h a n g e s .  F o r  e x a m p l e ,  t h e r e

a r e  2 . 6 3 1 3 x 1 0 3 5  p e r m u t a t i o n s  o f  o n l y  t h i r t y  t w o  p a r t i c l e s .

To  h a v e  a n y  c h a n c e  o f  f o l l o w i n g  t h e  b e h a v i o r  o f  e x c h a n g e

t e r m s ,  i t  i s  n e c e s s a r y  t o  s i m p l i f y  a n d  s y s t e m a t i z e  t h e

a p p r o a c h  u s e d ,  s o  t h a t  o n l y  t h e  m o r e  i m p o r t a n t  e x c h a n g e s

can b e  g i v e n  a  m o r e  d e t a i l e d  t r e a t m e n t .

A p e r m u t a t i o n  o f  N  p a r t i c l e s  c a n  b e  w r i t t e n  a s  a

p r o d u c t  o f  c y c l i c  e x c h a n g e s  o n  s u b s e t s  o f  t h e  p a r t i c l e s .

When t h e  i n t e r a c t i o n s  o f  t h e  p a r t i c l e s  a r e  o v e r  a  s h o r t

r a n g e ,  a n d  w h e n  t h e  t h e r m a l  w a v e l e n g t h  i s  s m a l l  i n  c o m -

p a r i s o n  t o  1 / p 1 / 3 ,  t h e  p a r t i c l e s  c a n  b e  t h o u g h t  o f  a s  b e -

i n g  e s s e n t i a l l y  f r e e  m u c h  o f  t h e  t i m e ;  a n  a p p r o x i m a t i o n

can b e  m a d e  a n d  a  c o m b i n a t i o n a l  t r e a t m e n t  c a n  b e  a d o p t e d

f r o m  t h e  i d e a l  B o s e  g a s ,  i n  w h i c h  t h e  s y m m e t r i z e d  N -
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p a r t i c l e  c l u s t e r  i n t e g r a l  f o r  a  s y s t e m  o f  b o s o n s '  i s

w r i t t e n  a s  a  w e i g h t e d  s u m  o f  c y c l i c - e x c h a n g e  c l u s t e r  i n -

t e g r a l s .  T h e  r e l a t i v e  s i z e  o f  e a c h  e x c h a n g e  t e r m  i s  t h e n

s y s t e m a t i c a l l y  e v a l u a t e d  a n d  i t s  b e h a v i o r  n u m e r i c a l l y  s i m -

u l a t e d  a s  a  f u n c t i o n  o f  t e m p e r a t u r e , d e n s i t y , a n d  p a r t i c l e

n u m b e r.

I t  i s  n o t e d  t h a t  t h e  m o d e l s  p r e s e n t e d  h e r e  a r e  i n

t h r e e  d i m e n s i o n s .

A. F o r m u l a t i o n

The c l u s t e r  i n t e g r a l s  a r e  w r i t t e n  a s  i n t e g r a l s  o f

t h e  N - b o d y  t h e r m o d y n a m i c  G r e e n ' s  f u n c t i o n

1 1

G3N( r‘,r1 * • *ZN ; ,T ) , 1 * • ' , / xN ; "

w h i c h  s o l v e s  t h e  N - d i m e n s i o n a l  B l o c h  e q u a t i o n

(HN +  a ) G 3 N  =  0  ( 1 . 2 )

w i t h  t h e  i n i t i a l  c o n d i t i o n
N

G3N q, (r1* r 1 r  . .  . . r N '  .0) =  1  7 ( 5 3 ( r / - r . )  . rt,=1

and t h e  b o u n d a r y  c o n d i t i o n

G3N.40 a s  I r . - r .

( 1 . 3 )



7

G3N h a s  a  f u n c t i o n a l  i n t e g r a l  e x p r e s s i o n

< r  ) I r  . . . r  >rv,N N  ( 1 . 1 \ 1

k1,1 t i N - S [ ? 6 1 ( t ) . . . Z , N ( t ) ]
f  . . . f  1 ( t ) . . . 5 ) x N ( t ) e x p (

rx.,1 r \ , N

where  t h e  a c t i o n
OE

( 1 . 5 )

1S061(t ) . . .?&( t ) ]= f  dt{-2--m 2  1  xN(t)+vQ,(1(t)...NC-O]}3

( 1 . 6 )

The c y c l i c  e x c h a n g e  c l u s t e r  i n t e g r a l 2 i s  t h e  N - p a r t i c l e

vo lume  i n t e g r a l  o f  t h e  t h e r m o d y n a m i c  G r e e n ' s  f u n c t i o n  w h e r e

t h e  f i n a l  N - p a r t i c l e  p o s i t i o n s  a r e  a  c y c l i c  p e r m u t a t i o n  o f

t h e  i n i t i a l  p o s i t i o n s :

N,1  r  rb N ( c y c l e ) - Q  j • • . j
• Q  0

( 1 . 7 )

T h e  s y m m e t r i z e d  N - p a r t i c l e  c l u s t e r  i n t e g r a l  f o r  a  s y s t e m

o f  b o s o n s : 1

1b s ( 0 ) -N N : 0 f . . . f  < r  1 \ 1 l  ••.ri,‘,p e r m u t a t i o n  St 0

x  e x p ( - 6 H N ) l k , i . —ZN>
C1.8 )

w h e r e  t h e  s u m  i s  o v e r  t h e  N !  p e r m u t a t i o n s o f  t h e  N - p a r t i c l e s .

The r  . . r  a r e  p e r m u t a t i o n s  o f  t h e  r 1  rt, ...rN .4 1 ,
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B. I d e a l  B o s e  G a s

F o r  a  n o n - i n t e r a c t i n g  B o s e  g a s ,
2p .

HN =
i = 1  2 M

N 2
1 1  1 3 4

G C r  . . r  . r  . . . r  ; B )  =  < r  . . . r  l e x p ( - B  — = ) I r  . . . r  >3N '1,1'  , L , N '  1  N  % 1  r t , N  2 M  r a  r t , Ni = 1

N1
A3N e x p l -  2  1 1  11' (r1 r1.1:-.)2] ( 1 . 9 )= r 1

whe re  A  i s  t h e  t h e r m a l  w a v e l e n g t h

271-Bra !- [  ]

i
f

b N ( c y c l e ) - 1 \ r r i  j . . . j  r i N f r a l
0

2N p .
x  e x p ( - B  ) 1 r  . . t ,  N >. 2 N  r ‘ , 1x=1

(1.10)

N
r r  1  r= Tr f f  j . . . j  d r i . . . d r m  exp[--w L  ( r . - r .  , ) 2 ]

Q t i N  xOIN A z  i = 1  t i t

w i t h  r o  Er .rt, (1,1\1

I db N ( c y c l e )  = N:S.2 - A - , N  3 N- N 3  2

1
N! A 3  N 3 / 2

( 1 . 1 2 )

The s y m m e t r i z e d  c l u s t e r  i n t e g r a l  c a n  b e  c a l c u l a t e d  f r o m

(1.8) b y  d e c o m p o s i n g  e a c h  p e r m u t a t i o n  i n t o  n k  £ - c y c l e
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exchanges, w h e r e

t h e r e  a r e
N!

N
N =  k n k

k=1

N now nk=1 k •

(1.13)

p e r m u t a t i o n s  o f  e a c h  t y p e  c h a r a c t e r -

i z e d  b y  a  s e t  f n k l N
3

Q=1
For n o n - i n t e r a c t i n g  p a r t i c l e s  t h e

Green 's  f u n c t i o n  f a c t o r s  a n d  o n l y  t h e  c y c l i c  exchange  t e r m s

c o n t r i b u t e .
4 ( 0 )  =  - -  X  f . . . f  d r  . . . d r  1   O 2 ,

{ T O  t i l  , t , N
X < r  . . r  r k = 1  k n t  n k

r a .  sl,ket,1

N
= ▪  { n o  i = 1   k n k !  ( k !  b k ( c y c l e ) ) n1 t

Q n QI  7

N1 v  1- L ) nQ
{n } = 1  k n k  n  !  X  k

(1.14)

To f i n d  t h e  m a x i m a l l y  c o n t r i b u t i n g  { n k } ,  a p p r o x i m a t e  t h e

l o g a r i t h m  o f  X3 bN b y  i t s  l a r g e s t  t e r m . 4

3 N
2./nX3bSN t i 2 r n  +  [ n  0  -  7  ne lnk -2m n k ! ]  ( 1 . 1 5 )0 Q=1 k  a 3

I n c o r p o r a t e  c o n s t r a i n t  ( 1 . 1 3 )  w i t h  2inz a s  a  Lag range  m u l t i -

p l i e r  a n d  f i n d  e x t r e m u m .

N3 S6(2/nX bN +  k n 9 f n z )
Q=1

ti

N
Z/ 1  Sri [2rn a_3 2  - k i k  +  2,2"nz -  2mn n2, ] =  0

=

(1 .16 )
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z2„
nk A3k5 /2

( 1 . 1 7 )

The d e n s i t y  c a n  b e  e x p r e s s e d  a s  a  s e r i e s  i n  z  f r o m  ( 1 . 1 3 )

_ N
P -

N
X k n k

Q=1=

( 1 . 1 8 )

2,=1 X 3 k 3 [ 2

I n  t h e  c a l c u l a t i o n  o f  ( 1 . 9 )  a n d  ( 1 . 1 1 ) ,  t h e  l a r g e  v o l u m e
.l i m i t  w a s  u s e d ,  r e s u l t i n g  i n  a  l o s s  o f  a  t e r m  -27 z  i n

( 1 . 1 7 )  a n d  a  t e r m  s7 z k  i n  ( 1 . 1 8 ) .  T h i s  " c o n d e n s a t i o n "

t e r m  c a n  b e  u n d e r s t o o d  a s  b e i n g  d u e  t o  a  b u i l d  u p  o f  p a r -

t i d i e s  i n  t h e  z e r o -momentum s t a t e .

C. H a r d  S p h e r e

w h e r e

We c o n s i d e r  t h e  h a r d - s p h e r e  p a i r - p o t e n t i a l s

v[x,(t)...xm(t)] = y v(x.(t)-x.(t», (1.19)i<j q,1 r 0

V ( X . ( t ) - X . ( t ) )  =,‘,3.

co, I X . ( t ) - X . ( t ) I  <  a

0 ,  I x  z  a
( 1 . 2 0 )

T h i s  p o t e n t i a l  h a s  t h e  e f f e c t  o f  e x c l u d i n g  p a r t  o f  t h e

t o t a l  v o l u m e  o f  t h e  s y s t e m ,  s i n c e  a n y  p a t h  X . ( t )  t h a t, 1
b r i n g s  o n e  s p h e r e  c l o s e  e n o u g h  t o  a n y  o t h e r  s p h e r e  s o  t h a t
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t h e i r  v o l u m e s  o v e r l a p  i s  g i v e n  t h e  w e i g h t  e  =  0 .  I n

c a l c u l a t i n g  b N ( c y c l e )  f r o m  ( 1 . 7 )  t h e  i n t e g r a l s  a r e  a l l

c o u p l e d  t o g e t h e r  b y  t h e  p o t e n t i a l :  t h e  p a r t s  o f  f d r 1

t h a t  a r e  e x c l u d e d  d e p e n d  o n  t h e  c o n f i g u r a t i o n  o f  e a c h  o f

t h e  o t h e r  r  s .  A s  a n  a p p r o x i m a t i o n ,  w e  n e g l e c t  t h i s  d e -g,
p e n d e n c e  a n d  r e d u c e  t h e  a v a i l a b l e  v o l u m e  Q  b y  a n  a m o u n t

w h i c h  d e p e n d s  o n  t h e  n u m b e r  a n d  t h e  s i z e  o f  t h e2 e x c l '
h a r d  s p h e r e s .

< r  . . r  r  l e x p ( - a H  ) I r  . . . r  > d r  . . . d r  =r a .  rt,N,N,1 N  q a  f k , N  , ‘ , 1  , N , N

7‘-',2 , ? C ] . .  a h 1f . . . f  dra. • q, .drN. (1 . . . f  4])1(t). . .spx (t)exp[—K f  d t  x
Q 0   r 1  r (1,N r a l  0r‘,

1 ' 2  1  7x  { 7 M X ,  + . . . +  M X N  +  V [ X l ( t ) . . . X N ( t ) ] } ] )
r t ,

• • •
S2-0exc l  0 - Q e x c l

r  r(1,2 r a
q l . . . d r N  , N  ( f  ...f g  ( t )  h x N  ( t )' A  x 1 ,  " '

r ,  r
rti-l- q , N

x  e x p [ -  j  rRai dt{7 1MX1 2  N  2 mk2}])
0

( 1 . 2 1 )

F o r  h i g h  t e m p e r a t u r e s ,  w h e n  t h e  t h e r m a l  w a v e l e n g t h  f r o m

( 1 . 1 0 )

-  [ 2 Tr h 2 ] %
M  2

i s  m u c h  l e s s  t h a n  t h e  h a r d  s p h e r e  d i a m e t e r  a ,  ( 1 . 2 1 )  i s

a p p r o x i m a t e l y
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a(0-42excl)  N f f 3  ( I ) 2

( 1 . 2 1 )  =   e x p { ir 9 /A3 (N sin11N-)-
( 1 . 2 2 )

which c a n  b e  i n t e r p r e t e d  a s  t h e  c l a s s i c a l  a c t i o n  f o r  a

u n i f o r m  r o t a t i o n  o f  N p a r t i c l e s  e q u a l l y  spaced  o n  a  c i r c l e

o f  r a d i u s  a   t h r o u g h  t h e  a n g l e  --1 2n71 i n  t i m e  0 1 .  F o r
( 2 s i n

an e s t i m a t e  o f  t h e  e x c l u d e d  v o l u m e ,  w e  u s e

e x c l = O n a 3  =  paL±Tra3

and ( 1 . 2 1 )  becomes
3 2

r4 3  Q  N n (
( 1 . 2 1 )  =  ( 1 - p a  )  e x p { -

a ( N s i n i ) 2 )

( 1 . 2 3 )

( 1 . 2 4 )

and t h e  N - c y c l i c  exchange  c l u s t e r  i n t e g r a l ,  ( 1 . 7 ) ,  becomes

(1-p-4ra  3) - N I T  3(.T a) 2
b N ( c y c l e )  =   9 1N! A 3  e x p {   N ,( N s i n - r "

( 1 . 2 5 )

The s y m m e t r i z e d  N - p a r t i c l e  c l u s t e r  i n t e g r a l  N C R )  i s  c a l -

c u l a t e d  f r o m  ( 1 . 8 )  a s  i t  was f o r  t h e  i d e a l  g a s .  I n  f a c -

t o r i n g  t h e  G r e e n ' s  f u n c t i o n ,  w e  a r e  n e g l e c t i n g  p a r t  o f  t h e

i n t e r a c t i o n s  b e t w e e n  p a r t i c l e s  i n  d i f f e r e n t  t - c y c l e s ;  t h e s e

are i n c l u d e d  o n l y  t h r o u g h  t h e  e x c l u d e d  v o l u m e .

N n
b s ( 0  N ! Q  ) -  N N ! n k  f . . . f d r  . . . d r  <  5671" 1 (1) (r2 . . . r  r  )=

I n }  n n  ,
k.i=1

N n Q ,
x e x p ( - 6 H ) I  ( r 1 . . . r t l )  >

"  t i = 1
( 1 . 2 6 )
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1   bN(Q) = n  1nQ{nk }  k = 1
0 - 2 e x c l - 2 e x c l

r  ril2 4 1 , 1
(1 . . . f  6 D , C t ) . . . N 2 , ( t )  x

r  r'1,1 r k , k

d r  . . . d r%N

nk
1  • 2  1  2exp[ -T;  f  d t { 1 m x 1  +  +  —mxk } ] )
"  0

( 1 . 2 7 )

N O n k
= .3a- . j i  n = 1  k n k n ( k !  b k  ( c y c l e ) ) n t

k }  k  k *

O r i k ( 1 - p i l n a 3 )  n  N 2"  ankk 7  ( T ) 2S 1bN(Q) f= S 2 L  v 37 e x p . {  0  }  ( 1 . 2 8 )
{nk }  Z = 1  knknst :  a  3112' ( k s i n l k - r ) '

We f i n d  t h e  s e t  o f  m a x i m a l l y  c o n t r i b u t i n g

( 1 . 1 3 )  a s  i n  ( 1 . 1 5 )  a n d  ( 1 . 1 6 ) :

N
6(2/nA3bS +  k n k 2 i n z )  t i

Q=1

} s u b j e c t  t o

(1 .29 )

4 3  aN ( 1 - p - r a 3  )S2 k n  (-it-)2 ky o n 2 ,  (bn{]   2 r n k - b n  n 2  + 2rnz )  =  0
Q=1 A 3 ( k s i n k - ) '

(1-p4Tra3 )Q 2 , 7 3 ( 2 - - ) 2
n =   e x p { -

-
A  z 2  ( 1 . 3 0 )

a32, ( k s i n  2 )

As i n  ( 1 . 1 8 )  a n  e x p r e s s i o n  f o r  t h e  d e n s i t y  f o l l o w s  f r o m

( 1 . 3 0 ) .



N

knk
N k = 1

A =  2  -
k 7 3 ( 2

A  k
N e x p {  i r  „ )1  z

( k s i n 11 ) '
= ( 1 - p 3 I r r a 3 )

k=1 a 3

S o l v i n g  ( 1 . 3 1 )  f o r  pN 3  a  2kTr (—x)
e x p {  } z

k=1 A 3  2 '( k s i n i ) 2
P

4 3  1N R a r 3 ( . 9 . A ) 2
L L e x p (  l z k

k=1 A 3  ( k s i n i ) -

14

( 1 . 3 1 )

( 1 . 3 2 )

The c o n d i t i o n  ( 1 . 1 3 )  d e t e r m i n i n g  z  i s  r e p l a c e d  b y  a n  i m -

p l i c i t  i n v e r s i o n  o f  ( 1 . 3 2 )  t h e  N - d e p e n d e n c e  o f  z  i s  w e a k

as i s  d i s c u s s e d  l a t e r  i n  S e c t i o n  D .

I n  t h e  l i m i t  1\1+O0, t h e  p o w e r  s e r i e s  i n  z  c a n  p o s s i b l y

d i v e r g e .  E v e n  w h e n  i t  d o e s ,  t h e  d e n s i t y  a c h i e v e s  a t  m o s t

t h e  max imum v a l u e

1
Amax L± 33 Tra

( 1 . 3 3 )

c o r r e s p o n d i n g  t o  a n  e s t i m a t e  o f  t h e  c l o s e - p a c k i n g  o f  t h e

p a r t i c l e s .

The r e l a t i v e  c o n t r i b u t i o n  o f  t h e  k - c y c l e  e x c h a n g e

i s  g i v e n  b y  t h e  f r a c t i o n  o f  t h e  t o t a l  n u m b e r  o f  p a r t i c l e s

t h a t  a r e  i n  a n  k - c y c l e .  S i n c e  n k ,  g i v e n  b y  ( 1 . 3 0 )  i s  t h e

number  o f  k - c y c l e  e x c h a n g e s ,  t h e  l i k e l i h o o d  o f  a  p a r t i c l e

b e i n g  i n  a n  k - c y c l e  i s  ( f o r  k > 1 )
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3 a  2

knk 1  ( 1  4  Tra 3 k f f ( )
P ( k )  ) e x p {  , }  z  ( 1 . 3 4 )N X 3  p  3 ( k s i n i ) -

The d i r e c t  t e r m  i s

1P ( 1 )  =  - - ( - 1  4  - —Tra3 ) z
A3 p  3

The c o n s t r a i n t  ( 1 . 1 3 )  a p p e a r s  a s  a  n o r m a l i z a t i o n  c o n d i t i o n

i n  t h e  P ( k ) .

k=1
knk

P ( k )  =  -  1  ( 1 . 3 5 )
k=1

T h i s  i s  e f f e c t e d  b y  t h e  c h o i c e  o f  z  i n  ( 1 . 3 4 ) .

D. N u m e r i c a l  S i m u l a t i o n

A b a s i s  f o r  a  s y s t e m a t i c  c o m p a r i s o n  o f  t h e  r e l a t i v e

c o n t r i b u t i o n s  o f  c y c l e s  o f  v a r i o u s  l e n g t h s  i s  p r o v i d e d  b y

( 1 . 3 4 ) .  I n  t h i s  s e c t i o n  w e  p r e s e n t  a  n u m e r i c a l  s i m u l a t i o n

t o  s h o w  h o w  t h i s  a p p r o a c h  i s  u s e d  t o  a n a l y z e  t r e n d s  i n  t h e

b e h a v i o r  o f  t h e  e x c h a n g e  t e r m s  a s  a  f u n c t i o n  o f  t e m p e r a -

t u r e ,  d e n s i t y ,  a n d  p a r t i c l e  n u m b e r .

I t  s h o u l d  b e  n o t e d  t h a t  ( 1 . 2 2 )  o n  w h i c h  P ( k )  i n

( 1 . 3 4 )  i s  b a s e d  w a s  e s t a b l i s h e d  f o r  h i g h  t e m p e r a t u r e s  a n d

may h a v e  n o  d i r e c t  a p p l i c a t i o n  i n  a  t h e o r y  o f  t h e  A - t r a n s -

i t i o n .

The c a l c u l a t i o n s  p r e s e n t e d  h e r e  w e r e  p e r f o r m e d  o n

a H e w l e t t — P a c k a r d  9 8 1 0  p r o g r a m m a b l e  c a l c u l a t o r  a n d  u s e d

a =  2 x 1 0 - 8  c m  f o r  t h e  h a r d  s p h e r e  d i a m e t e r .  T h e  m a s s
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Used i n  c a l c u l a t i n g  t h e  t h e r m a l  w a v e l e n g t h  w a s  M

6 . 6 7 x 1 0 - 2 4  g .  ( T h e s e  p a r a m e t e r s  a r e  a p p r o p r i a t e  f o r

4 H e . )

=

The v a l u e s  o f  z  w e r e  c h o s e n  s o  t h a t  t h e  n o r m a l i z a -

t i o n  c o n d i t i o n  ( 1 . 3 5 )  w a s  p r o p e r l y  s a t i s f i e d .  C o m p a r i n g

t h e  c o l u m n s  o f  Ta b l e s  1 - 1  a n d  1 - 2 ,  t h e  e f f e c t  o f  t e m p e r a -

t u r e  o n  t h e  e x c h a n g e  t e r m s  i s  s i m u l a t e d .  I n  a d d i t i o n  t o

t h e  d i r e c t  t e r m ,  t h e r e  i s  a l w a y s  a  s e c o n d a r y  p e a k  i n  t h e

P ( Q ) .  T h i s  s e c o n d a r y  p e a k  i s  n e v e r  a n y  l o w e r  t h a n  t h e

t h r e e - c y c l e  t e r m .  W e  s e e  t h i s  i n  t h e  l a s t  c o l u m n  o f

Ta b l e  1 - 2 .  A s  t h e  t e m p e r a t u r e  i s  d e c r e a s e d ,  t h i s  s e c o n d -

a r y  p e a k  s h i f t s  t o  t h e  h i g h e r  e x c h a n g e  t e r m s  a n d  g r o w s  i n

c o m p a r i s o n  t o  t h e  d i r e c t  t e r m .  A t  v e r y  l o w  t e m p e r a t u r e s

t h i s  m o d e l  p r e d i c t s  t h a t  t h e  N - c y c l e  e x c h a n g e  d o m i n a t e s

even  t h e  d i r e c t  t e r m ,  a s  i s  s e e n  i n  t h e  f i r s t  c o l u m n  o f

Ta b l e  1 - 1 .

C o m p a r i n g  c o l u m n  t w o  o f  T a b l e  1 - 1  a n d  t h e  c o l u m n s

o f  Ta b l e  1 - 3 ,  a  s i m i l a r  e f f e c t  i s  n o t e d  w h e n  t h e  d e n s i t y

i s  i n c r e a s e d .

Ta b l e  1 - 4  c o m p a r e d  t o  t h e  s e c o n d  c o l u m n  o f  T a b l e  1 - 1

shows h o w  d o u b l i n g  t h e  t o t a l  n u m b e r  o f  p a r t i c l e s  c h a n g e s

t h e  r e l a t i v e  v a l u e s  o f  P ( 2 . ) .  T h e r e  a r e  m o r e  t e r m s  a d d e d

t o  t h e  s e r i e s ;  t h e  v a l u e  o f  z  m u s t  d e c r e a s e  t o  p r e s e r v e

t h e  n o r m a l i z a t i o n ;  t h i s  d a m p s  t h e  i m p o r t a n c e  o f  t h e

h i g h e r  e x c h a n g e  t e r m s .  W e  n o t e  t h a t  t h e  d i s t r i b u t i o n s

a r e  o n l y  w e a k l y  d e p e n d e n t  o n  p a r t i c l e  n u m b e r .



17

N = 3 2  p  =  2 . 1 4 3 3 4  x  1 0 2 2 / c m 3
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z
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= 1 . 2 1 3 6 5 6 3 z
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0 . 0 :3 2 9 04
0 , 0 ::3 :3 8 8 8
0 . 0 :3 4 8 9 6
0 . 0 3 5 9 3 0
0 I. .0 :3 6 9 9 CI
0 . 0 3 8 0 7...' .::::
0 . I 3  9 1 ''...-.? 6
0 „ 0 4 0 :::3 44
0 ., 0 4 1 5 2 2
0 . 0 4 2 7 :3 2
II, 0 4. 3 9 7' 5
0„ 0 4. 5 2 5 :3
0 .  04  6 5 65
0 . 0 4 7' 9 14

I...::l . I......) 7 5 9 5 5 .
0 . CZ: 1 9 9 9 5
0 , 0 :3 2 3 6 8
4I„ 1.....) :3 6 4 3 ':'
0 . 0 3 8 0 0 6
0 .  0 :..3 8 50 5
ID . 113 8 4 54
I..::l „ 0.31 8 el 8 :..1

II, 03  6 8 5 I'D
0 „ 0 :3 6 0 '..:...: 3
0 . 0 3 5 2 8 7'
1I„ 0:3 44 5 2
0 „ 0 :3 :3 6 0 :I.
0 , 0 2: 2 7 4 :3
0„ 0 3 1 :3'8 5
CI „ U :3 1 0 3 2
0 ,, 03 0 1. E.: 8
0 . 0 2 '4 3 1:5 5
0 . 0 2 8 5 3 6
I. .  0 2'. 7 7 :3 '2
O. 0 2 4  5
0 .  0 2 61 7 4
0 „ 0 2 5 4 ',2 0
0 . 0 ',2 4. 6 8 4
0 . 0 2'. 3 9 6 7'
0 . 0 U. :1 2 6 7'
0 . 0 2 2 5 84
0 . 0i 1'9 2. 0
0 „ 0 2 I 2 7 3
0 .  0 2 0 6 4 4
0 H. I..:.I 2 ::::: 0 3 2

I

i

•
0 . 43  1 8 7 6
0 . 01 40 8 2
0 . CI 4 3 0 6 1
Hi, o 3  0 9 8
0 . 0 5 4 1 0 7
0 , 0 5 1 7.' E. 9
0 . 0 4 E. 8 i 3
G. . 0 4 1 9 E. .,?.

4_i„ 0 3 '  4 9
0 . 0 2 8 2 9 4
t.3. 02 4 F.1 2 5
0 . 0 2 1 1 8 5
0 . 0 1 8 2'. 50
0„ 0 1 5 i. 8  '..?
0 . 0 1. 3 4 6 5
0 . 01 1 5 3 '....:
0 , 0 CI ''...7:: 8 7 8
0 , 0 c:,:i 84 4 7
0 . 00  7 2 1. 8
0 . 0 I-3 6 1 6 3
0 , 0 0 5 a 59
0 ,  0 0 4 4 8 6
0„ 0 0 3 8 2 4
0 . 0032: 5 9
0 , 0 0 2 7 7 6
CI „ 0 0 2 3 6 4
0 . 00 2'. 01 3
0 . 0 CI 1 7 1 3
0 , 0 0 1 4 5 8
C, I-3 0 1 2 4 0
41 . 1 0  1 15 !.:::.

Ta b l e  1 - 1
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N = 3 2  p  =  2 . 1 4 3 3 4  x  1022/cm3

T =  8  °K T =  1 5 ° K T =  5 0  ° K
z.= 2.101957118 z = .865277773 z =  .1421826939

Q PCZ) P(k) P ( k )

1. 0 0 94  6 1 44 0 . 9 9 9 '....-) 7 9 1. . 0 0 CI 0 CI 0 C.) CI 0 ID CI
2 . 0 „ 002! '.....:17:' f.; 0 „ 000004 ,..7.-'. . 5 3,1 1 9 .....i 6 :I. 3 — 1 ''...

ID „ ID 1 2 5 0 0 CI . r.:.:I 0 0 CI 1 4 3 „ 3 ;:' 9 0 8 1 '.3 ID 1. -- :I.
4 . 0 . 0 1. 2' 7 0 F....; 0 . 0 0 CI 0 0 :3 If; . 1. 2.! 3 10 9 1 8 5 -- 2 J.
r . 0 . 0 0 9.5 I 8 ; 0 . (1 0 0 0 0 0 1. „ 1. 5 3 7 2! 'D 5 7 1 -- 2.! el
6 . 0 „ 0 0 6,, :3 .4 .,?, 1.1 . 0 ID 0 CI CI 0 1 . 2'5 5 7 1. l..; :::: 6 4 — 2 ID
7„ 0 „ 10  :....., 9 ':::' i ' 0 . CI 0 0  110 ID 9 0 5: 8  CI 1 9 1 7 8 —

0.  0 0 "2 4 3 5 0 . el 0 1111  0 ID !::.., . 8 9 ,1 9 I 6 2 4 7 -- :3 .I::'
a„ 0. 00 1. 4 5 2 ICI„ ID 0 00 CIO 3 „ 1 9 9 3 1. 0 4 "i'' 7 — 4 1.

1 0 . II„ 1:.1 ID 0 8 1:.5 5 0 . 0 0 0 0 k7.:.: 0 I . 5 ei.? 0 E.: 1 1 0 6 '.......:1 — 4 5
1 1.. 0 . 0 0 ID 4 9 8 0 „ 0 0 0 0 0 c:::! 7 . 4 3 5 ID 5 2 6 T" 2 — 5 C.1
1 2 . 0„ CI CI CI 2. ID 8 ICI„ C'. 0 0 0 0 0 :....! „ 3 2 0 :.3 54 8 5 7 —.5 4
1 .....: . 0„ 0 0 0 1 6, 6 1::) „ 0 0 0 ID 0 0 1 . ,:l. 3 2 .-.5 f.], 8 9 3 6 — 5 8
1 4 . 0 . 1:::l 0 0 0 9 5 I:"..) . ID 0 ei 0 0 0 II:, . I.?I
1. 5 . 0 . 0 010 0 54 0 . 0 0 Cl l::::.! 0 0 :::- ,, 4 7 4 7 4 1 6 5 9
1. 6 . 0. 0 0 ID ID 3 1 0„ 0 ID ID 0 0 0 1.. 0100 4 8 ef.j. 2 :D. 0 -- ;" 1
1 7. 0„ 0 i......) 0 0 1 7 0„ 0 0 0 0 0 0 ' . 9 :I:: 8 5f,, 1..::l 8 5 "? -- "i' 6
1 0 . 0„ 0 0 I.."..!I 0 1. 0 0„ 0 (...) C.10 0 0 1. „ 5 7 1 7 6 1.6 S Iff, .- 1µl CI
1 9 . 0 . 0 0 0 0 ID 6 0 . 0 0 ID 0013 :.. ., 1 3 3 8 I.:3 2 2 E. 9.- 8 '5
2 0 . H„ 000001:3  II„ 0 0 0 0 0 0 ,f...! „ :::::: ;::' 41.55 l 87
411. •0„ 0 C.10002 0„ l:..) 00000 9 „ 1. 2 el 90 1 :3 3 SI -- a4'I
er. e_ .

:3„
U „ I...7.:i ID 0 0 CI 1.
Ii. 0 0 ID 0 0 1

0 „ c.;:i 0 0 I:1 00 ,
0 „ 0 0 'DID 0 0

0„ 1...1 0 0 0 0 0 CI 0 Ni 1:7.1 0
0. CI 0 0 0 0 CI 0 0 (:I I;..:I 0 •

24„ 0,„ 00 0 0 0 0 ICI„ 000000 ' I % „  0 0 0 0 0 0 0 0 0 CI 0.., 5 ,, ICI„ 0 0 CH:3 l:,D Ci El„ 0 0 0 0 0 0 ; I . 0 11 0 0 0 0 0 0 0 ID ID
2 6 0 0 „ 0 0 CI ID 0 CI C! „ 0 0 0 0 0 C.:i :... . 0 1-.1 0 ID l:....I CI ID 0 CI 0  0
2 7 . ID . f.:.) 0 0 0 I'I 0 o ., et o o o o Ci Li„ f3000000ei  0
2 8 0 0 „ 0 1;i) 0 el 0 ID 0„ 0 0 0 0 0 0 0 . CI 1'1 0 0 0 00 0 ID 0  :.
2 SI . 0„ 0 el 0 0 0 0 0 ,. 0 0 0 f:.:) 0 1.3 Ci. 0 0 0 0 0 0 0 0 0 I..
".3 0 ,,

1 .
0„ 0 0 0 0 0 0
II„ 0 0 0 Ii 00

0 „ 0 c,) 0 0 CI C . ) e . : , :
0„ 0 I::l 0 1-...'03 CI

0 CI t.D 0 ID 0 CI 0 0 0  ;.
i:1„ 0 0 ;::::,! 0 C! 0 0 0! 0 i;;

3 v. 0 „ el 0 0 0 CI 0 1:3 ,: el el 0 el ID el . 0 0 0 0 0 0 ID 0 ID ,

Tab le  1 - 2
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Ta b l e  1 - 3

N =  3 2 T =  2 ° K

9,

p =  2 . 3 5 7 6 7 4
x 1022/cm3

z =  1 .384328113

p =  2 .5934414
x 1022/cm3

z =  1 .42901014

= 2 .85278554
x 1022/cm3

z =  1.5111.1405

P(2) P(9,) P(9,)

T.
8 „

10.
11.
12.
1:3.
14a
15.
i l ' „
17.
18
19 .
2I`.!„
21 .
22
23 .
24 .
25
:26 .

28 .

0 :I. 4242
023E...43

„ 02729:3

I„ 0  :3 :3 0
0. 03 1 6  2"

„ : 3 1 5 4 9
. 0:31. 879

I'J„ : 3 2 2 4 0
. 0:32324

C.' :32:363

GI
„ 032367'
.1::::1:32 344

03229
. 0:322:35

0 . 0:32 f361:"
0 0:31967'

0:31857'
031. 741.

0 . 0:31 618
0:3149C)

:31. 2'21.
031081

. (3:307'D
031:D6 .4

0 . 03087 8 .  00998
„ 0  :3 6 05 0 . 0 0 2 9 4 1
. 014745 1 3  . 005329

1.1. 0 1 7 5 7 1  .  0  IS ;:̀  1 6
0. 019401 .  E . : 4 1
I:I„ 020807 „  ID 889
0 . 02199 7 1 3  9 4  1
II„ 023061 .  01. 1022
0„ 024056 „  0121 7 '
0 . 025004 0  . 013362
0 . 025925 0  . 014650
0 . 026831 .  01. 6 0 3 3
0 . 027730 O .  017523

. 028629 0 . 0 1 9 1 3 0

. 029532 .  020867

. : 3 0 4 4 3  0 . 0 2 2 7 4 7
0 „ 031364 .  024781
0 . 03 2 2 9 8 .  026985
0 „ 033247 I  I . 029374

. 034212 .  031964
0 . 035196 0  . 034772

. 036199 4 1 ,  el 3 7 8 1 8
0 . 037223 O .  041122
0 . 038269 .  044707
.1 . 039337 L I  4
0 . 040430
0 . 041548 .  i a !.:;;:. :1 9
0 . 042693 .  0 6 236 4
0 . 043864 „ 1 ; . : : 1 6 7 7 5 6
0 . 045063

. 046292 7 9 9  5 9
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T a b l e  1 - 4

N =  6 4

T =  2 ° K

p =  2 . 1 4 3 3 4  x  1 0 2 2 / c m 3

z =  1 . 3 2 8 7 0 9 4 0 9

P ( k )

1.

„
4 .

6 .

1 0 .
11 .
1 2 .
1 3 .
1 4 .
1 5 .
1 6 .
1 7 .
1 8 .
1 9 .
2 0 .
2 1 .
2 2 .

2 4 .
2 5 .
2 6 .
2 ( .
2 8 :
21..1
3 0 .
3 1 .
32..

0 . 0 7 4 7 6 1  3 3 .
0 . 0 1 9 3 7 1  3 4 .
0 . 0 3 0 8 6 4
0 . 0 3 4 1 9 8
0 . 0 3 5 1 0 9  3 7 .
0 . 0 3 5 0 1 1  : 3 8  .
0.01 L1.41 I .
0 . 0 3 3 5 5 1  4 0 .
0 . 0 3 2 5 3 9  4 1 .
0 . 0 3 1 4 4 7  4 2 .
0 . 0 3 0 3 1 7
0 . 3 2 9 1 7 4  4 4 .
0 . 0 2 8 0 3 6  4 5 .
0 . 0 2 6 9 1 3  4 6 .
0 . 0 2 5 8 1 3  4 7 .
0 . 0 2 4 7 4 1  4 8 .
0 - 0 2 3 7 0 1  4 9 .
0 . 0 2 2 6 9 4  5 0 .
0 . 0 2 1 7 2 1  5 1 .

5 2 .0 . 3 2 0 7 8 3
0 . 0 1 9 8 7 9  5 3 .
0 . 0 1 9 0 1 1  5 4 .
0 . 0 1 8 1 7 7  5 5 .
0 . 0 1 7 3 7 6  5 6 .
0 . 0 1 6 6 0 7  5 7 .

0 .
0 . 0 1 5 8 7 1  015165 5 8 .

0 . 0 1 4 4 8 9  5 9 .6 0 .
0 . 0 1 3 0 4 1
0 . 0 1 3 2 2 2  6 2 .
0 . 0 1 2 6 2 9  6 3 .

6 4 .

0 . 0 1 1 5 1 9
0 . 0 1 1 0 0 0
0 . 01051714
0 „ E 1 ' 1 : 3   CI
O. 0 0 9 5 7 7
0 . 0 0 9 1 4 4
0 . 0 0 8 7 3 0
0 . 0 0 8 3 3 4
0 . 0 0 7 9 5 7

0 . 0 0 7 2 5 1
O. 0 0 6 9 2 2
0.1.1 n f E  i '
0 . 0 0 6 3 0 Y
0 . 0 0 6 0 2 0
0 . 0 0 5 7 4 f . . ,
0 . 0 0 5 4 R 4
0 . 0 0 5 2 3 4
0 . 0 0 4 9 9 6
0 . 0 0 4 7 6 R
0 . 0 0 4 5 5 1 .

04 .7.:
0 . 0 0 4 1 4 5
0 . 0 0 3 9 5 6
O. 0 0 : : 7 7 5
0 . 0 0 3 6 0 3
0 . 0 0 3 4 3 9
0 . 0 0 3 2 8 1
0.00:: :132
0 . 0 0 2 9 8 R
U. 0 0 2  • • i
IMI . 0 0 2 7 2 2
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FOOTNOTES

1. T .  D .  L e e  a n d  C .  N .  Ya n g ,  P h y s .  R e v.  11 3 ,  11 6 5  ( 1 9 5 9 ) .

2. T h e  1 / N !  i n  ( 1 . 7 )  i s  u s e d  f o r  c o n s i s t e n c y  w i t h  L e e  &

Yang c i t e d  above .  O t h e r  a u t h o r s , ( e . g . ,  b e l o w )  d o  n o t

have t h i s  f a c t o r .  T h e  r e s u l t s  o f  t h i s  c h a p t e r  d o  n o t

depend o n  w h i c h  o f  t h e s e  d e f i n i t i o n s  w e  u s e .

3. T .  L .  H i l l ,  S t a t i s t i c a l  M e c h a n i c s ,  C h a p t e r  5  (McGraw-

H i l l ,  N . Y. ,  1 9 5 6 ) .

4. J .  E .  M a y e r  and  M.  G .  M a y e r ,  S t a t i s t i c a l  M e c h a n i c s ,

Chapter  13  ( W i l e y ,  N . Y. ,  1 9 4 0 ) .

5. L .  W.  B r u c h ,  P r o g .  T h e o r .  P h y s .  5 0 ,  1 8 3 5  ( 1 9 7 3 ) .
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CHAPTER 2

A NOTE ON COMPOSITE PARTICLE  S TAT I S T I C S

"Why i s  i t  t h a t  p a r t i c l e s  w i t h  h a l f - i n t e g r a l
s p i n  a r e  F e r m i  p a r t i c l e s . . . ,  w h e r e a s  p a r t i c l e s
w i t h  i n t e g r a l  s p i n  a r e  B o s e  p a r t i c l e s   ?
The e x p l a n a t i o n  i s  d e e p  d o w n  i n  r e l a t i v i s t i c
quan tum m e c h a n i c s .  T h i s  p r o b a b l y  means  t h a t  w e
do n o t  h a v e  a  c o m p l e t e  u n d e r s t a n d i n g  o f  t h e
f u n d a m e n t a l  p r i n c i p l e  i n v o l v e d . "

R. P .  F e y n m a n
L e c t u r e s  i n  P h y s i c s ,  V o l .  I I I

The s t a t i s t i c s  o f  a  p a r t i c l e  c o m p o s e d  o f  s e v e r a l

e l e m e n t a r y  p a r t i c l e s  h a s  b e e n  o f  i n t e r e s t  f o r  m a n y  y e a r s .

E h r e n f e s t  a n d  O p p e n h e i m e r I  c o n c l u d e d  t h a t  n u c l e i  o b e y e d

B o s e - E i n s t e i n  o r  F e r m i - D i r a c  s t a t i s t i c s  a c c o r d i n g  t o

w h e t h e r  t h e  n u m b e r  o f  p a r t i c l e s  i n  t h e  n u c l e i  w a s  e v e n  o r

odd .  M o r e  r e c e n t l y  M .  G i r a r d e a u 2  h a s  s t u d i e d  t h e  p r o b l e m

i n  t h e  c o n t e x t  o f  B o s e - C o n d e n s a t i o n  i n  4 H e .

As t h e  o n l y  s t a b l e  m a s s i v e  p a r t i c l e s  a r e  f e r m i o n s ,

t h e  e x t e n t  t o  w h i c h  c o m p o s i t e  p a r t i c l e s  o f  f e r m i o n s  b e -

have  a s  b o s o n s  i s  o f  i n t e r e s t  i n  e x c h a n g e  p h e n o m e n a .

We c o m m e n t  o n  s e v e r a l  q u e s t i o n s  t h a t  a r i s e .  ( i )  W h a t

i s  t h e  f o r m a l  p r o c e d u r e  f o r  t r e a t i n g  c o m p o s i t e  p a r t i c l e s ?

( i i )  W h a t  r e s t r i c t i o n s  a r e  t h e r e  o n  t h e  r e g a r d i n g  o f  c o m -

p o s i t e  p a r t i c l e s  a s  b o s o n s ?  ( i i i )  W h e r e  d o e s  t h e  f o r m a l i s m

p r e v e n t  u s  f r o m  t r e a t i n g  t h e  w r o n g  t h i n g s  a s  b o s o n s ?
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o n i c a l  c o m m u t a t i o n  r e l a t i o n s (CCR) a r e  t h e  s e t

[a+CL,a+at] = 0

[aCL ,aa I ] = 0 ( 2 . 1 )

[ a  a a  ,a+,]= cSaa ,

a r e  t h e  s e t
{ c + , c + a , } = 0

{ C a ' C a ' } = 0 ( 2 . 2 )

{C , C , }a a (S ,aa

A.  S e c o n d  Q u a n t i z e d  S t a t e s

To  d i s c u s s  t h e  s t a t i s t i c s  o f  m a n y - p a r t i c l e  s y s t e m s ,

we u s e  t h e  s e c o n d - q u a n t i z e d  f o r m a l i s m .  I n  t h i s  a p p r o a c h ,

a l l  p h y s i c a l  o b s e r v a b l e s  a r e  a s s u m e d  t o  b e  e l e m e n t s  o f

t h e  a l g e b r a  g e n e r a t e d  b y  a  s e t  o f  c r e a t i o n  a n d  a n n i h i l a -

t i o n  o p e r a t o r s .  T h e  p a r t i c l e  s t a t i s t i c s  i s  i n c o r p o r a t e d

i n  t h e  a l g e b r a ,  w h o s e  g e n e r a t o r s  o b e y  a  s e t  o f  c a n o n i c a l

c o m m u t a t i o n  r e l a t i o n s  i n  t h e  c a s e  o f  b o s o n s  o r  a  s e t  o f

c a n o n i c a l  a n t i c o m m u t a t i o n  r e l a t i o n s  i n  t h e  c a s e  o f  f e r -

m i o n s .

D e n o t e  t h e  b o s o n  c r e a t i o n  a n d  a n n i h i l a t i o n  o p e r a -

t o r s +by  a a  a n d  a a ,  r e s p e c t i v e l y .  T h e  i n d e x  a  c a r r i e s  t h e

momentum a n d  s p i n  i n f o r m a t i o n  a b o u t  t h e  s t a t e s .  T h e  c a n -

i n  w h i c h  t h e  b r a c k e t  d e n o t e s  t h e  c o m m u t a t o r .
+Deno te  t h e  c o r r e s p o n d i n g  f e r m i o n  o p e r a t o r s  b y  C a

and C .  T h e  c a n o n i c a l  a n t i c o m m u t a t i o n  r e l a t i o n s  ( C A R )
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' i n  w h i c h  t h e  c u r l y  b r a c k e t  d e n o t e s  t h e  a n t i c o m m u t a t o r .

S ta tes  a r e  r e p r e s e n t a b l e  b y  p a r t i c l e  c r e a t i o n

o p e r a t o r s  a c t i n g  o n  a  s t a t e  1 0 > ,  t h e  vacuum s t a t e .  T h e r e

are  many r e p r e s e n t a t i o n s  p o s s i b l e  d e p e n d i n g  o n  w h i c h  s t a t e

10> i s  u s e d  t o  d e f i n e  t h e  vacuum. T h e  n - p a r t i c l e  s t a t e  i s

(ID+(x) ( 2 . 4 )

4)+(x) ( 2 . 5 )

( 2 . 4 ) and ( 2 . 5 ) are t h e

[4)+(x) , (1)+(x')] = 0

[ 4 ( x ) , 4 ( x ' ) ]  = 0 ( 2 . 6 )

[ (P(x) , (1)+(x7)] = &(x- x ' )

{11)+(x), 11)+(x')} = 0

{11)(x), 11)(x1)} = 0 ( 2 . 7 )

{4) (x ) , 11)+(x')} = 6(x - x ' )

as+ +  I ...aa O>.
1 n

( 2 . 3 )

I f  ( t a ( x )  i s  a  o n e - p a r t i c l e  wave f u n c t i o n ,  t h e  r e l a -

t i o n  t o  t h e  second  q u a n t i z e d  r e p r e s e n t a t i o n  i s  g i v e n  b y

f o r  b o s o n s ,  o r

as .  f d x  ( t a ( x )

Ca =  f d x  i a ( x )

f o r  f e r m i o n s .  ( 1 ) + ( x )  a n d  11)+(x) i n

p o s i t i o n  r e p r e s e n t a t i o n s  o f  t h e  CCR a n d  t h e  CAR a l g e b r a s .

These s a t i s f y :
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B. B o s e  Condensa t i on  o f  t h e  I d e a l  Gas

For a  s y s t e m  o f  b o s o n s ,  c o n s i d e r i n g  o n l y  t h e  momen-

tum k  i n  t h e  i n d e x  a ,  t h e  o n e  p a r t i c l e  s t a t e  ( 2 . 3 )  i s

1k> = 4-JO>
and t h e  t - p a r t i c l e  s t a t e

I k 1 . . . k >  =  a k  . . . a k t l o >
1

The f r e e - p a r t i c l e  H a m i l t o n i a n  i s

=
t  h 2  k 1 _  a +  1 1 2 k 2

i=1  2 M k  k  a k  2 M

< k ' l e x p (  ( 3 h 2 k 22M ' I J ` - >  < O l a  e x p (  a l 2 k 2k ' 2 M  )ak+l°>

8h2k  )2
= k k '  e x p (  2 M

( 2 . 8 )

( 2 . 9

( 2 . 1 0 )

( 2 . 11 )

The s y m m e t r i z e d  c l u s t e r  i n t e g r a l  d i s c u s s e d  i n  ( 1 . 1 i )  h a s

t h e  f o r m

t  o t v , 2 1 , 2
bS = /  i -  T .  < k ! l e x p (  P " "  ) I k . >  ( 2 . 1 2 )t  2 S 2  2 Mk . k  j = 1  Jl ' '

lc' . kl ' '  t

( 2 . 11 )  a n d  ( 2 . 1 2 )  g i v e

S 1  f a 2 2
b = L  e x p (  243  2m  )

and t h e  d e n s i t y  s e r i e s

( 2 . 1 3 )
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p =  X  Q bkS z

exp( 61-12k2) z
= 1  v   2 M _ N

-c•2- L S -T
k 1 - e x p (  a n . 2 k 2 )  z

2M

( 2 . 1 4 )

wh ich  c a n  g i v e  a  b u i l d - u p  o f  p a r t i c l e s  i n  t h e  k = 0  s t a t e .

C. C o m p o s i t e  P a r t i c l e  Commuta t ion  R e l a t i o n s

I n  t h e  c o n v e n t i o n a l  e x p l a n a t i o n  o f  s u p e r f l u i d i t y  i n

4He, t h e  a t o m  i s  t r e a t e d  a s  a  boson  a n d  t h e  a rgumen ts  o f

t h e  p r e v i o u s  s e c t i o n  a r e  t a k e n  a s  a  m o d e l . 3 T r e a t i n g  t h e

4He n u c l e u s  a s  a  b o s o n ,  w e  c a n  t h i n k  o f  t h e  a t o m  a s  made

up o f  t h r e e  p a r t i c l e s ,  o n e  n u c l e u s  a n d  t w o  e l e c t r o n s .  T h e

a tomic  e l e c t r o n s  h a v e  a n  exchange  i n t e r a c t i o n  w i t h  o t h e r

a tomic  e l e c t r o n s  because  o f  t h e i r  f e r m i - s t a t i s t i c s .  T h i s

exchange i n t e r a c t i o n  depends o n  how much t h e  e l e c t r o n

w a v e f u n c t i o n s  o v e r l a p .  C o n v e n t i o n a l l y ,  t h i s  i n t e r a c t i o n

e n t e r s  i n t o  t h e  e n e r g y  i n  t h e  a t o m i c  p a i r - p o t e n t i a l s .

These exchange  e f f e c t s  o f  t h e  e l e c t r o n s  a f f e c t  t h e  e x t e n t

t o  w h i c h  t h e  a t o m  c a n  b e  t r e a t e d  a s  a  boson .

Let  0 a ( x l . . . x m b , y 1 . . . y m f )  b e  t h e  w a v e f u n c t i o n  f o r  a

composi te  p a r t i c l e  o f  mb bosons  a n d  m f  f e r m i o n s .  O p e r a t o r s

f o r  t h i s  c o m p o s i t e  p a r t i c l e  c a n  b e  c o n s t r u c t e d

A+  1,  f d x 1 . . . d x m b d y 1 . . . d y  ( x  xmf 1 . . .  m b - 1 • • • Y m f )a s i ( m b  ) : ( m f  )t•
x (P+(x1) . . .4)+(xmb)1P+(y1) . . .1p+(ymf)
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+ +[A , A 1 ]a a = [C , C , ]a a = C C , - C  i Ca a  a  a
= Saar -  2C+ICa a

(2 .17 )

= Sela, - 2 f d x ' d x  ( a , ( x l ) d g ( x ) t P + ( x t ) 11 ) ( x )

1Aa -   , f d x ] . . . . . d x m b d y l . . . d y m f
1(mb):(mf)!

(2 .15 )
x gxmb) . . . (1 ) (x1)11) (ymf) . . .11) (y1)

The commuta t i on  r e l a t i o n s  o f  A a  a n d  A a  a r e  i n d u c e d  f r o m

those  o f  t h e  p a r t i c l e s  o f  w h i c h  t h e y  a r e  composed.  F r o m

( 2 . 1 5 )

[A , A +   1 f d x  . . . d x  d y  . . . d y  d x  d x  d v  d v m f
b f

1  m b  1  m f  1  •  m b  - 1 *  -  ct,]( m ) : ( m ) !

x

x [11)(ymf)...*(371)(1)(xmb)...4)(x1), ( 2 . 1 6 )

ci)+(x1)...(1)+(x1;1134+(yi1)...tp+(ymf ) ]

I f  t h e  c o m p o s i t e  p a r t i c l e  i s  made u p  o f  o n e  boson  o n l y I t h e n

f rom ( 2 . 1 )  o r  ( 2 . 6 ) ,

a , A a r ]  =  S a a r

I f  i t  i s  made u p  o f  o n e  f e r m i o n , t h e n  f r o m  ( 2 . 2 )

By c o n s i d e r i n g  e x a m p l e s ,  i t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  i n

g e n e r a l
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[A , A j  = 6  , +  Ca a  a a  a u ( 2 . 1 8 )

where C  ,  i s  a  c o m b i n a t i o n  o f  n o r m a l  o r d e r e d  t e r m s  w i t h

i n t e g r a l s  o f  t h e  w a v e f u n c t i o n s .  I n  c e r t a i n  p h y s i c a l  c a s e s ,

i t  c a n  b e  a r g u e d  t h a t  s u c h  o v e r l a p  i n t e g r a l s  a r e  s m a l l  i n

compar ison t o  o n e .  T h u s  t h e  c o n d i t i o n  f o r  a n  a p p r o x i m a t e

Bose s t a t i s t i c

EA , A  1 ]  6a a  a a ( 2 . 1 9 )

appears t o  b e  n o t  t o o  r e s t r i c t i v e .

I n  c o n s i d e r i n g  t h e  o t h e r  t w o  r e l a t i o n s  i n  ( 2 . 1 ) ,  w e

see t h a t  c o n s t r a i n t s  e n t e r  o n  t h e  t y p e  o f  c o m p o s i t e  p a r t i -

c l e  we c a n  t r e a t  a s  b e i n g  a  b o s o n .  F r o m  ( 2 . 1 5 )

1  t  f  I  1[AA-a,A+at] -  ( m b ) ! ( m f ) ! f d x 1 . . . d x m b d y i . . . d y m f d x , . . . d x m b d y, . . . d y r a f

x ( ( o t ( x l . . . x m b y l . . . y m f ) t x , ( x l . . . x L y i . . . y 1 1 f )

x Nt,-1-(x1)...(1)+(xmb)11)+(y1)...11)+(ymf), ( 2 . 2 0 )

(I)+(xt1). . .4)+(x'  ) 4 ) + ( y ' ) . . .  + ( y '  ) ]mb  m f

Only i n  c e r t a i n  c a s e s  w i l l  ( 2 . 2 0 )

+
[ A a , A a ' ]  =  0

as i n  ( 2 . 1 ) .  A s  a n  e x a m p l e ,  c o n s i d e r  t h e  c a s e  o f  a  com-

p o s i t e  p a r t i c l e  o f  t w o  f e r m i o n s .  I n  c o m p u t i n g  [ A + , A + , ]cc
f rom ( 2 . 2 0 ) ,  u s i n g  ( 2 . 7 ) ,  t h e  f a c t o r
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[1P+(yi.)1P+(y2),Ip+(yl)4)+(ypi
= IPI-(571)11)+(y2)11)+(y1)11)+(y)-4)+(y1)11)+(y)11)+(y ) I 1 ) + ( y 2 )

= q ) + ( 5 11 ) 4 ) 4 . ( 5 7 ) 4 - ( Y 1 ) 1 P 4 - ( Y 2 ) - 4 ) 4 - ( Y 1 ) 4 ) + ( 4 - ( Y 1 ) 1 P  ( Y 2 )

= 0  ( 2 . 2 1 )

( 2 . 2 1 )  i n  ( 2 . 2 0 )  g i v e s

[A.cc,Aa,]  =  0

f o r  a  b o u n d  p a i r  o f  e l e c t r o n s .

G i r a r d e a u  h a s  e x h i b i t e d  a  f o r m a l  c o n n e c t i o n  b e t w e e n

t h e  c o m p o s i t e  p a r t i c l e  o p e r a t o r s  A  a ,A+ a n d  t h e  o p e r a t o r scc

a a ,  a a  o f  a n  i d e a l  b o s o n .  H i s  p r o c e d u r e  a m o u n t s  t o  a n

a l g e b r a  a u t o m o r p h i s m  between t h e s e  t w o .  H e  e x e c u t e s  t h i s

t h r o u g h  a  u n i t a r y  t r a n s f o r m a t i o n  U  s u c h  t h a t

+,
U A a 1 0 >  =  a a 1 0 >

+ +
U A a l . . . A a n I O >  a a l . . . a a  1 0 >

( 2 . 2 2 )

i . e . ,  t h e  s t a t e  o f  o n e  c o m p o s i t e  p a r t i c l e  i s  t r a n s f o r m e d

t o  t h e  o n e  b o s o n  s t a t e ,  a n d  t h e  m a n y  c o m p o s i t e - p a r t i c l e

s t a t e  i s  a p p r o x i m a t e l y  m a p p e d  t o  t h e  m a n y  b o s o n  s t a t e  t o

t h e  e x t e n t  t h a t  o v e r l a p  i n t e g r a l s  a r e  s m a l l .
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D. C o u n t e r e x a m p l e s

I f  w e  t r y  t o  a p p l y  t h i s  p r e s c r i p t i o n  t o  c o m p o s i t e

p a r t i c l e s  t h a t  a r e  v e r y  n o n - b o s o n  i n  n a t u r e ,  w e  w i l l  g e t

c o n t r a d i c t i o n s .  T o  s e e  t h i s ,  c o n s i d e r  t h e  c a s e ,  w h e r e  w e

t r y  t o  t r a n s f o r m  a  s y s t e m  o f  f e r m i o n s  o b e y i n g  ( 2 . 2 )  i n t o

a s e t  o f  b o s o n s .

Aa =  C a

Aa =  C a
( 2 . 2 3 )

( 2 . 2 3 )  i n t o  ( 2 . 2 5 )  m e a n s  w e  a s s u m e  t h a t  t h e r e  e x i s t s  s o m e

U s u c h  t h a t

+ +
U Ca10>  =  a a l o >

+ +  I  +  +  ,
U C a l . . . C a  O >  =  a a l . . . a a n I O >

n

( 2 . 2 )  i m p l i e s  t h e  P a u l i  e x c l u s i o n  p r i n c i p l e

C+aC+a a a  = -C+C+ = 0

( 2 . 2 5 )  i m p l i e s  t h a t

and

B u t

C+aC+aC+a C t  C t  = -C+C+C+ = 0

U c+cc+lo> = U c+ac+alo>

+ +  r t ,  +  +U C a  Ca 10> a a  aa 10>

ti +  +  +U C+C+C+,a10> q „ a a a a a  a10>
a a

( 2 . 2 4 )

( 2 . 2 5 )

( 2 . 2 6 )

( 2 . 2 7 )
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U C+  C 1 0 > = C4- ) I 0 >U(-C+ = - u  C +  C +  1 0 >
a l  a 2 a2 a l a2 a l

( 2 . 2 7 )  i s  a  c o n t r a d i c t i o n  b e c a u s e

+ + ,a a  a  I O >  a + a + 1 0 >a a  a  a  s

t h u s  n o  s u c h  U  c a n  b e  d e f i n e d .

Even r e s t r i c t i n g  o u r s e l v e s  t o  a  s u b - a l g e b r a  o f  t h e

a a ,  a a  o b e y i n g  t h e  E x c l u s i o n  P r i n c i p l e ,  i . e . ,  r e s t r i c t i n g

o u r s e t  o f  s t a t e s  t o  t h o s e  w h e r e  n o  m o r e  t h a n  o n e  p a r t i c l e

i s  i n  a n y  g i v e n  s t a t e  d o e s  n o t  h e l p .  B y  ( 2 . 2 )

and

+C+ C  =  - C  C +
a  al a2 2 a l

c+ c +  1 0 >  =  - c +  c +  l o >
a l  a 2  a 2  a l

+ + I 0> =  a +  a +  +  +  1 0 >U C  C  1 0 >  =  a  aaa l  a 2  a l  2  a 2  a l

By ( 2 . 2 8 )

+= - a  a +   ' 0 >
a2 a l

( 2 . 2 9 )  a n d  ( 2 . 3 0 )  g i v e  t h e  c o n t r a d i c t i o n  t h a t

,
a a +  1 0 >  =  - a  a +  1 0 >

a2 a l  a 2  a  1

( 2 . 2 8 )

( 2 . 2 9 )

( 2 . 3 0 )

so n o  s u c h  U  c a n  b e  d e f i n e d  f o r  m a n y  p a r t i c l e  s y s t e m s .
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CHAPTER 3

EQUILATERAL TRIANGLE MODEL

I n  t h i s  c h a p t e r  w e  p r e s e n t  a  s i m p l e  m o d e l  f o r  d i s -

c u s s i n g  t h e  p r o b l e m  o f  t h r e e  p a r t i c l e s  b o u n d  t o g e t h e r  i n

t h r e e  d i m e n s i o n s  b y  p a i r - p o t e n t i a l s .  T h e  t h r e e  p a r t i c l e s

a r e  a s s u m e d  t o  b e  n e a r  t h e  v e r t i c e s  o f  a  r o t a t i n g  e q u i -

l a t e r a l  t r i a n g l e .

The t h r e e - p a r t i c l e  S c h r o e d i n g e r  e q u a t i o n ,  w h i c h  i s

i n  g e n e r a l  i n s o l u b l e  i n  c l o s e d  f o r m ,  i n  t h i s  m o d e l  r e a d -

i l y  s e p a r a t e s  i n t o  c e n t e r  o f  m a s s ,  v i b r a t i o n a l ,  a n d  r o t a -

t i o n a l  m o t i o n ,  e a c h  o f  w h i c h  a r e  s o l v e d  f o r  t h e i r  c o n t r i -

b u t i o n  t o  t h e  t o t a l  e n e r g y .  A n  o r d e r i n g  o f  t h e  r o t a t i o n a l

s t a t e s  i s  n o t e d  f o r  l a t e r  c o n s i d e r a t i o n  i n  c o n n e c t i o n  w i t h

e x c h a n g e  r e s t r i c t i o n s .

A. C e n t e r  o f  M a s s  a n d  1 , 1 c e d  V a r i a b l e s

L e t  t p ( r  , r  2 , r  )  b e  t h e  t r i m e r  w a v e f u n c t i o n ;  i t

depends  o n  t h e  n i n e  c o o r d i n a t e  c o m p o n e n t s  o f  t h e  t h r e e

p a r t i c l e s .  T h e  S c h r o d i n g e r  e q u a t i o n  f o r  a n  e n e r g y  e i g e n -

s t a t e  i s
2

Htp =  -  2 M { V 2  r r  +V2 +V2 +  V ( r  r  r  )11) =  E1P
rx,2 r r t , 3

( 3 . 1 )
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V ( r  r  r  )  i s  assumed t o  b e  d u e  t o  p a i r  p o t e n t i a l s  w i t h

an a t t r a c t i v e  p a r t  a n d  a  r e p u l s i v e  c o r e .  T h e  min imum v a l u e

o f  t h e  p a i r  p o t e n t i a l s  i s  t a k e n  t o  b e  a t  a n  i n t e r p a r t i c l e

s e p a r a t i o n  o f  r o .  N e a r  t h e  e q u i l i b r i u m  b i n d i n g  o f  t h e

t h r e e  p a r t i c l e s ,  a n  h a r m o n i c  o s c i l l a t o r  a p p r o x i m a t i o n  i s

made.

V ( r  r  2,3)11'-3V o + V " ( r o r  )alr - 1-ro 722

( 3 . 2 )

We u s e  t h e  t h r e e - b o d y  J a c o b i  c o o r d i n a t e s ,  i n  w h i c h  t h e

c e n t e r  o f  mass

R 3 %  = 1-(r1 %  +r +r3 )A,

and t h e  r e d u c e d  v a r i a b l e s

p =  r  - r4,1 q,2

•  =  r 3  - 1- 2 rt,Cr1% +r2 )•  , 1 ,

( 3 . 3 )

(3 .4)

are u s e d  t o  s e p a r a t e  o u t  t h e  c e n t e r  o f  mass m o t i o n  f r o m

t h e  r e l a t i v e  m o t i o n .  ( 3 . 3 )  a n d  ( 3 . 4 )  a r e  i n v e r t e d :

r ,  =  R  +

r2   = R

1
g

✓ -  = R + -2a%3 q „

(3.5)
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From ( 3 . 3 )  a n d  ( 3 . 4 )  i t  f o l l o w s  t h a t

1 1Vr =  .V.R +  V p  -  -2-Va
rbl

1 1V =  - e R  -  Vp  -  2-Va
411,2 r k ,  r k ,  i t ,

1Vr  =  ---VR +  Va
rk,3 r b  r t s

and

- n R  4 ) 4 )V2  ) 1 p  —  ( 1 V  +  2 V 2 P  4 -  + V!r  r  r(V2 +  V2
0   _,1,1 rk,2 rt,3 ti

( 3 . 6 )  i n t o  ( 3 . 1 )  a n d  ( 3 . 5 )  i n t o  ( 3 . 2 )  g i v e

2 2  2 fl2
2(3M) V R  2 ( M / 2 )  IP  V pit) 2 ( 2 M / 3 )  "a41 ' v  ov e

1

+ 2 V u ( r o ) a l k l - r o ] 2

( 3 . 6 )

( 3 . 7 )

El-3p-al-rO r t ,  ]2 00-40-r 0]2)4)
rk,

= Eip ( 3 . 8 )

The f i r s t  t e r m  c o r r e s p o n d s  t o  t h e  c e n t e r  o f  mass m o t i o n

and i t s  c o n t r i b u t i o n  t o  t h e  t o t a l  e n e r g y.  S i n c e  t h e  p o t e n -

t i a l  does  n o t  depend  o n  R ,  t h e  c e n t e r - o f -mass p a r t  o f  iti
i s  j u s t  t h a t  o f  a  f r e e  p a r t i c l e  o f  mass ( 3 M )  a n d  a n  e n e r g y

Ec.m.
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B. V i b r a t i o n a l  E n e r g y

The r e l a t i v e  c o o r d i n a t e s  p  a n d  a  a r e  measured i n  t h e

space- f i x e d  f r a m e .  I n  v i e w  o f  t h e  n e a r l y - r i g i d  c h a r a c t e r

o f  t h i s  t r i m e r  mode l  a n d  f o r  n o t a t i o n a l  c o n v e n i e n c e ,  l o o k

a t  t h e  m o t i o n  when k  i s  n e a r l y  a l o n g  t h e  space - f i x e d  x  ) x i s

and a  i s  n e a r l y  a l o n g  t h e  s p a c e - f i x e d  y - a x i s .  W e  d o  t h i sti
as a n  i n i t i a l  c h o i c e  o f  a x e s  a n d  d o  n o t  assume t h i s  a s  a

c o n t i n u i n g  r e s t r i c t i o n .

p=r ox +  A p x x  +  A p  y  +  A p z zrk,
( 3 . 9 )

a = o y  +  A a x x  +  A a  y  +  A a z zek,

I n  o r d e r  t o  s e p a r a t e  t h e  v i b r a t i o n a l  m o t i o n ,  we i n t r o d u c e

the  n o r m a l  c o o r d i n a t e s  w h i c h  a r e  f o u n d  c l a s s i c a l l y

( G o l d s t e i n ) .

n =  1_Aa  +  2-Ap
y 2 x

= 1  A a  y 2  _ 1Apn2 x

. A a xn 3 A p y

1 1n4 . 7 A a x  -  7Apy

I n v e r t i n g  t h e s e ,

( 3 . 1 0 )
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APx =  ( 4 1 - 1 2 )

APy ( T 1 3 - n 4 )

Aux =  2  (n3 +n4 )VT

Aay =  —7(n .1+n2)

( 3 . 1 1 )  i n t o  ( 3 . 9 )  g i v e s

p =  r  oX +  ( n 1 - n 2 ) X  +  ( n 3 - n 4 ) ' Y '  + °Pzz

= 2 r 0 Y  +  2 ( f l 3 + n 4 ) x  +  — 7 C n 1 + n 2 ) y  +  A u z z

( 3 . 1 2 )  g i v e s

a — [   a a   ]
DAPx 2  a n t  9 1 1 2

a  =  . 4  3  3  3
DApy 2  a n 3  a n 4

a  ,  1 a ][ +
pAux -  V T  ° n 3  ,  °T14

a  1  a  a   ][  , +  ,
3Au V T  1  ' 1 1 2Y =  ✓ "

( 3 . 1 2 )  a n d  ( 3 . 1 3 )  i n t o  ( 3 . 8 )  g i v e

( 3 . 1 1 )

( 3 . 1 2 )

( 3 . 1 3 )

2h2 a 2  a 2  4  h 2  a 2  a 2  a 2

2(11){DAp2 a A p 2 DAp2 2(.2_11) 3 A u 2 aAa2 DAu2
2 x  y  z  3

r t4 q " ( r  ) { [ I P I — r  7 2  +  [ I - 4 P - a l - r o ] 2  +  C I Z - 1 7 0 - r o i 2 } i p
o  o  f l t  ,

= ( E - E  + 3 V  )cm 0
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a22 a 2
2}2 I

a2 +  a  2 +  2  2  2 + P;f i= - - - {  ,-,  +
M a2M L  2  +  D1123 a l -1, 14+ D A P z  z  anl an

( 3 . 1 4 )

2 3  T 3  113+ 2  V " ( r o ) . ( 3  n l  +  n 2 2  7  2 }11)

N o t e  t h a t  114 i s  a n  " i g n o r a b l e "  c o o r d i n a t e  a s  a  v i b r a t i o n .

L a t e r  w e  w i l l  s e e  t h a t  i t  c o r r e s p o n d s  t o  a  r o t a t i o n .  T h e

o t h e r  r o t a t i o n a l  m o t i o n s  c o m e  f r o m  t h e  d i s p l a c e m e n t  c o o r d i n -

a t e  o f  k  a n d  c  p e r p e n d i c u l a r  t o  t h e  p l a n e .  I n  ( 3 . 1 2 )  t h e s e

a r e  A p z  a n d  A a z .  T h e  v i b r a t i o n a l  m o t i o n  o f  t h e  p a r t i c l e s

a b o u t  t h e  e q u i l i b r i u m  s e p a r a t i o n  r o  s e p a r a t e s ;  i p  c a n  b e

w r i t t e n  a s  a  p r o d u c t  o f  t h r e e  h a r m o n i c  o s c i l l a t o r  w a v e -

f u n c t i o n s  i n  n l ,  n 2 '  n 3 '  a n d  t h e  r e m a i n i n g  f u n c t i o n  o f  n 4 '

Apz ,  A a z .  T h e  h a r m o n i c  o s c i l l a t o r  f r e q u e n c i e s  a r e

w1
3V" (rO)`

M
( 3 . 1 5 )

„ s 1 3 V " ( r o ) ‘
w2 w 3  =  2 M

Each o s c i l l a t o r  p a r t  h a s  g r o u n d  s t a t e  e n e r g y  y h w i ,  s o  t h a t

t h e  t o t a l  v i b r a t i o n a l  e n e r g y

E =  —hw +  1fico +  1v 2  1 1 2  2  2  3

1
1 / " ( r  o)

= -  , - ,  I T N 1  fi(Yr- 3 L 7 M  2

3 V " ( r o )
= ( 1  +  1 / 7 ) h 4M

( 3 . 1 6 )
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T h i s  v i b r a t i o n a l  e n e r g y  i s  r e v i e w e d  i n  H e r z b e r g 1  a n d  w a s
.c a l c u l a t e d  b y  B r u c h  a n d  S t e n s c h k e 2  i n  t r e a t m e n t  o f  i n e r t

gas t r i m e r s .  T h e y  a l s o  c a l c u l a t e d  t h e  f i r s t  a n h a r m o n i c

c o r r e c t i o n s  t o  E q .  ( 3 . 1 6 )  a r i s i n g  f r o m  c u b i c  a n d  q u a r t i c

t e r m s  d r o p p e d  i n  E q .  ( 3 . 2 ) .

C. R o t a t i o n a l  E n e r g y

To  d i s c u s s  t h e  r o t a t i o n a l  m o t i o n ,  w e  u s e  a  s e t  o f

E u l e r  a n g l e s  ( a , 6 , y )  w i t h  E d m o n d ' s  c o n v e n t i o n .

a =  c o u n t e r c l o c k w i s e  r o t a t i o n  a b o u t  t h e  s p a c e - f i x e d

z - a x i s

a =  c o u n t e r c l o c k w i s e  r o t a t i o n  a b o u t  t h e  b o d y - f i x e d

y ' - a x i s

y =  c o u n t e r c l o c k w i s e  r o t a t i o n  a b o u t  t h e  b o d y - f i x e d

z ' - a x i s

The b o d y - f i x e d  z ' - a x i s  i s  t a k e n  p e r p e n d i c u l a r  t o  t h e  t r i -

a n g l e  o f  t h e  p a r t i c l e s .  W e  i g n o r e  t h e  e f f e c t  o f  t h e  z e r o -

p o i n t  m o t i o n  t r e a t e d  i n  t h e  p r e v i o u s  s e c t i o n  a n d  t r e a t  t h e

t r i m e r  a s  a  r i g i d  b o d y ,  a n d  l e t  t h e  b o d y  x ' - a x i s  m o v e

p a r a l l e l  t o  k 5  a n d  t h e  b o d y - f i x e d  y ' - a x i s  m o v e  w i t h  a .
11,

We w i s h  t o  r e l a t e  t h e  r e m a i n i n g  v a r i a b l e s  i n  o u r

t h r e e  b o d y  S c h r o e d i n g e r  e q u a t i o n  t o  t h e  E u l e r  a n g l e s  a n d

show t h a t  t h e  r o t a t i o n a l  p a r t  o f  t h e  S c h r o e d i n g e r  e q u a t i o n

t a k e s  t h e  f o r m  o f  t h e  q u a n t u m  r i g i d  r o t o r  w i t h  m o m e n t s  o f
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Auz

Apz

=

=

wx 7  r o

-w r O y
( 3 . 1 7 )

Apy = w r O z

Aux = -wz 2  r o

N o t e  t h a t

n4 = 1 _  A n
2 ' y

=
1 1

-  7  wz  r o  -  7  w z  r o ( 3 . 1 8 )

1i n e r t i a  I x = I y =  7Mro2 , I z=Mro2  . T o  d o  t h i s  w e  c o n s i d e r

a c l a s s i c a l  t r i a n g l e  r o t a t i n g  w i t h  a n g u l a r  v e l o c i t i e s

w x , w  y, a n d  w z .  U s i n g  t h e s e  c l a s s i c a l  a n g u l a r  v e l o c i t i e s

we m o t i v a t e  a  s e t  o f  f o r m a l  d i f f e r e n t i a l  r e l a t i o n s  o f

c o o r d i n a t e s  ( 3 . 2 2 ) .

F o r  a  c l a s s i c a l  t r i a n g l e ,  t h e  c h a n g e s  i n  o u r  r e m a i n -

i n g  t i p ,  A u  c o o r d i n a t e s  c a n  b e  r e l a t e d  t o  r o t a t i o n a l  v e l o c -

i t i e s  b y

n4 =  - w z  r O

From ( 3 . 1 7 )  a n d  ( 3 . 1 8 )  t h e  c l a s s i c a l  a n g u l a r  v e l o c i t i e s

a r e  r e l a t e d  t o  t h e s e  c o o r d i n a t e s  b y

2Auz
wx r

0
APzw =

r o
•

- n 4
Wz =  r O

( 3 . 1 9 )
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The c l a s s i c a l  g e o m e t r i c  r e l a t i o n s  be tween  a n g u l a r  v e l o c i t y

and t h e  E u l e r  a n g l e s  a r e 3

wx =  s i n ) '  -  a s i n s  c o s y

•w =  e c o s y  +  a s i n e  s i n ) '  ( 3 . 2 0 )

•wz =  acosi3 +  ) '

I n v e r t i n g  ( 3 . 2 0 )

w s i n y  -  wxcosY
a -

s i ne

= w  c o s y  +  w x s i n Y  ( 3 . 2 1 )

Y = wz -  (3 nsi (w ysin) -  wxcosy)

Thus a  s e t  o f  d i f f e r e n t i a l  r e l a t i o n s  be tween  t h e  E u l e r  a n g l e

and o u r  r e m a i n i n g  c o o r d i n a t e s  A p z ,  A a z ,  n 4  c a n  b e  o b t a i n e d

by s u b s t i t u t i n g  ( 3 . 1 9 )  i n t o  ( 3 . 2 1 ) .

s i n
1 s i n Y  2   cos) 'da =  d A p z / r  d A ar o  s i n s i n e e ,  z

0
ds =  r  1 o c o s y  dApz  +   2  s i n y  dAaz ( 3 . 2 2 )

/ r

1 c o s  , 1  2dy =  d n 4  +  s i n f 3 r  s i n y  dApz  +  c o s y  d A a z )
r o  o  / T r

0

(3 .22 )  c a n  now b e  t a k e n  o v e r  f o r m a l l y  i n t o  t h e  quan tum

t r i m e r .
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a _  1
an4 r  D y

C3.23)

a i  s i n Y  a  1  c o s Y  a +  1  c o s e s i n y  a
a " z  r o  s i n e  Da  r o  r o  s i n e  D y

3 2   cosY 2  s i n Y D  +   2   cosecosY 3
3 A u z r   B  sin0 •  a s  i - 3 - r o  v y r  s i n s  y

0

The r e d u c e d  S c h r o e d i n g e r  i s  now

2 2  3 2
-  - - {  +  2  +  D 2 2 } I P  +  (Ecm +E v -3V o )t1)=Elp ( 3 . 2 4 )2M 2an 3 A p 2  2  3  @Auz

where t h e  t o t a l  e n e r g y,  E ,  i s

E =  Ecm+ Ev+  ER

( 3 . 2 3 )  i n t o  ( 3 . 2 4 )  a n d  ( 3 . 2 5 )  g i v e s

- 2 r l  3 2 + 2 (  c o s y T r c1 s i n Y  3  1  a
E R A 2 M  2  2  r o  s i n s  3 a  r or  ao y

1 c o s a s i n Y  D  2
r o  s i n e  a y )

( 3 . 2 5 )

( 3 . 2 6 )

3( 2  cosY 2  D  2   cosecosy  D  2
2 r  s i n s  a s  ' y r  s i n Y  +De 1 . ,  s i n e  D Y )  } 4 )

0 0  0

2  1   3 2 1ER =  -  {  c o t e
2[1Mr2]  DB2 2 [ 1 - M r 2 ] 3B

2 2
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+ ( c o t 2 s   ) a2 1  1   a 2
1 0

2 [ M r 2 ]  2 [ M r 2 ]  a y 2 2[±M r4o] s i n 2 a  D a 22 o  2

1  2 c o s a  d 2  ( 3 . 2 7 )

1   2E—Mr2 ] s i n 2  a a w a y2 o

( 3 . 2 7 )  i s  t h e  w a v e  e q u a t i o n  f o r  a  r i g i d  r o t o r 4  o f  momen ts

o f  i n e r t i a

2I x  =  I y  =  —12Mr o

I  =  M r 2z o

I t  h a s  s o l u t i o n s

DZ l ( a , a , Y )  =  e x p ( - i a m ) d k  t ( a ) e x p ( - i Y i n ' )  ( 3 . 2 8 )MM

w h i c h  a r e  a n g u l a r  momentum e i g e n s t a t e s  w i t h  e i g e n v a l u e

e q u a t i o n s

L2V =  k ( k + 1 ) T 1 2 V

LzV =  mf IV

The dtmm f ( a )  s o l v e

( 3 . 2 9 )

{d2 d m 2  +mI2 -2mm'cosa +  c o t a d a  k ( k + 1 ) } d  MM f 7 .  0
da2 s i n  a

( 3 . 3 0 )

w r i t i n g  t h e  r e m a i n i n g  f a c t o r  o f  V  a s  t h i s  Dkmm 1 a n d  u s i n g

( 3 . 3 0 ) ,  ( 3 . 2 7 )  b e c o m e s



ERIU =  { 2 , ( k + 1 )  -

E R ( k = 0 )  =  0

ER(2 ,=1 ,m '=1 ) =
23 f i ( 3 . 3 4 )22

Mr
2

E R ( k = 1 , m ' = 0 ) = 2 2
Mr

45
2,2 2 ( 3 . 3 1 )

Mr

Thus b y  c h a n g i n g  t h e  o r i g i n a l  v a r i a b l e s  f r o m  ( r l , k , 2 , z 3 )  t o

t h e  s e t  ( R , n 1  , f l 2 3  i p  i s  w r i t t e n  a s  a  p r o d u c tft,

*  =  ) ( 1 ) ( n 1 ) ( 1 ) ( n 2 ) ( T 1 3 ) 3 3  , ( c t , f 3 ' . "  ( 3 . 3 2 )

w h e r e  t i ) F. P.  i s  t h e  f r e e  p a r t i c l e  w a v e f u n c t i o n ,  4 ' s  a r e

h a r m o n i c  o s c i l l a t o r  w a v e f u n c t i o n s ,  a n d  Dtmm 1 i s  t h e  r i g i d

r o t o r  w a v e f u n c t i o n , 5  a n d  b y  u s i n g  t h e  g r o u n d  s t a t e  h a r m o n i c

o s c i l l a t o r  w a v e f u n c t i o n ,  w e  g e t  t h e  e n e r g y

(E-Ecm)  =  - 3 V o  +  ( 1 +  1 3 V " ( r  )4M° +  f k ( k + 1 )  m I 2 2V-Dfl 2
MrO

•

( 3 . 3 3 )

From ( 3 . 3 3 )  t h e r e  i s  t h e  f o l l o w i n g  o r d e r i n g  o f  t h e  r o t a -

t i o n a l  s t a t e s .  T h e  t = 0  s t a t e  i s  t h e  l o w e s t ;  t h e  k = 1 ,

m ' = 1  s t a t e  i s  h i g h e r  t h a n  k = 0 ,  b u t  l o w e r  t h a n  t h e  i = 1 ,

m ' = 0 .

I t  s h o u l d  b e  r e m a r k e d  t h a t  ( 3 . 3 3 )  i s  n o t  a  s y s t e m a t i c  e x -

p a n s i o n  i n  p o w e r s  o f  i .  T h e  f i r s t  a n h a r m o n i c  c o r r e c t i o n s

t o  t h e  z e r o  p o i n t  v i b r a t i o n  r e f e r r e d  t o  f o l l o w i n g  E q .  ( 3 . 1 6 )

a r e  a l s o  o f  o r d e r  112.
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FOOTNOTES

1. G .  H e r z b e r g ,  S p e c t r a  o f  D i a t o m i c  M o l e c u l e s ,  ( V a n

N o s t r a n d ,  P r i n c e t o n ,  N . J . ,  1 9 5 0 ) .

2. L .  W .  B r u c h  a n d  H .  S t e n s c h k e ,  J .  C h e m .  P h y s .  5 7 ,  1 0 1 9

( 1 9 7 2 ) .

3. A .  R .  E d m o n d s ,  A n g u l a r  Momentum i n  Q u a n t u m  M e c h a n i c s

( P r i n c e t o n ,  U . P . ,  P r i n c e t o n ,  N . J . ,  1 9 6 0 ) ,  p . 6 6 .

4.  K .  G o t t f r i e d ,  Q u a n t u m  M e c h a n i c s ,  ( B e n j a m i n ,  N . Y . ,

1 9 6 6 ) ,  p p .  2 6 8 - 2 7 0 ,  2 7 6 - 2 7 8 ,  2 8 8

5. A p p e n d i x  A  l i s t s  t h e  k r - 1  r i g i d  r o t o r  w a v e f u n c t i o n s .

,
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CHAPTER 4

FERMION TRIMERS

We c o n s i d e r  t r i m e r s  c o m p o s e d  o f  t h r e e  i d e n t i c a l

s p i n  o n e - h a l f  p a r t i c l e s .  A s  t h e s e  a r e  f e r m i o n s  a n d  o b e y

F e r m i - D i r a c  s t a t i s t i c s ,  t h e  t r i m e r  w a v e f u n c t i o n s  m u s t

s a t i s f y  c e r t a i n  a n t i s y m m e t r y  r e q u i r e m e n t s .  T o  i n c o r p o r a t e

s p i n ,  a n o t h e r  f a c t o r  i s  n e e d e d  i n  t h e  w a v e f u n c t i o n ;  i n  t h e

e q u i l a t e r a l  t r i a n g l e  m o d e l ,  t h i s  i s  i n  E q .  ( 3 . 3 2 ) .

A.  F e r m i o n  T r i m e r  S p i n  S t r u c t u r e

I n t u i t i v e l y ,  i t  i s  c l e a r  t h a t  t h e r e  a r e  t w o  p o s s i b l e

s p i n  d o u b l e t s  o f  t r i m e r s  o f  s p i n  o n e - h a l f  p a r t i c l e s .  I f

a l l  t h e  s p i n s  a l i g n ,  t h e  t r i m e r  h a s  s p i n  t h r e e - h a l v e s .  I f

one o f  t h e  s p i n s  i s  a l i g n e d  o p p o s i t e  t o  t h e  o t h e r  t w o ,

t h e n  w e  h a v e  s p i n  o n e - h a l f  ( a l s o  r e f e r r e d  t o  a s  t h e  " m i x e d -

s y m m e t r y " )  t r i m e r .

To c o n s t r u c t  t h e  t r i m e r  s p i n  f u n c t i o n s ,  w e  s t a r t

w i t h  t h e  s p i n o r  r e p r e s e n t a t i o n  f o r  e a c h  o f  t h e  t h r e e  p a r -

t i c l e s ,  i n  w h i c h  t  ( a n d  + )  d e n o t e s  e i g e n s t a t e s  o f  t h e
3

o p e r a t o r s  S i  a n d  S i z  w i t h  e i g e n v a l u e s  3  2  a n d  -2-h ( a n d  r i h 2

and -  2 l i ) .  S p i n  o p e r a t o r s  f o r  t h e  t r i m e r  a r e  f o r m e d  b y

a d d i n g  t h e  s i n g l e  p a r t i c l e  o p e r a t o r s
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S2 =  (S1+S2+S3)2

Sz =  (S l z+S2z+S3z )

( 4 . 1 )

Spin f u n c t i o n s  f o r  t h e  t r i m e r  c a n  t h e n  b e  f o r m e d  a s

p roduc t s  o f  t h e  s i n g l e - p a r t i c l e  s p i n o r s .  S i n c e  t h e r e  a r e

two s p i n  s t a t e s  p e r  p a r t i c l e ,  t h e r e  a r e  e i g h t  i n d e p e n d e n t

t h r e e - p a r t i c l e  s p i n  s t a t e s .  T o  f o r m  a n  o r t h o n o r m a l  s e t  o f

e i g e n f u n c t i o n s  o f  t h e  t r i m e r  s p i n  o p e r a t o r s ,  i t  i s  n e c e s s -

a r y  t o  t a k e  c o m b i n a t i o n s  o f  t h e  s i m p l e  p r o d u c t  s t a t e s .

I f  D2 d e n o t e s  t h e  s i n g l e - p a r t i c l e  s p i n o r  r e p r e s e n t a -

t i o n ,  t h e n  t h e  r e p r e s e n t a t i o n  o f  t r i m e r  s p i n  s t a t e s  i s  t h e

p r o d u c t  r e p r e s e n t a t i o n : 1

v vD-4 x  D2 x  D2v  =  D 2  x  (Do+D1)
(4.2)

= +  +  D 3 / 2

From t h i s  we  s e e  t h a t  a  s e t  o f  s p i n  s t a t e s  i n c l u d e s  t w o

d o u b l e t s  a n d  a  q u a r t e t  g i v i n g

12(2x -4  1) +  ( 2 x y + 1 ) = 8  i n d e p e n d e n t  s p i n  s t a t e s .2

The q u a r t e t  c o n t a i n s  t h e  f o u r  e i g e n s t a t e s  o f
2 3  5 , 2  3  1  1  3  ,S =  v c r  :  S  =  7 ,  y ,  _ y,  _  2 n

Each d o u b l e t  c o n t a i n s  t w o  e i g e n s t a t e s  o f

S2 =  —x— 1 3 fi 2 :  S  =  1  1  f i
2 2  z  - 7

Denote t h e  s p i n  e i g e n s t a t e s  o f  t h e  t r i m e r  b y

I s n s > ,  w h e r e
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S 2 i s , m s > = sCs+1)E. I s , m s >

( 4 . 3 )
S z l s , m s > = m s f i l s , m s >

4+-4

(2+++-1-4 ,1-4- t t )

=

=

3 3 >
'25_  2

1 1 >I -
2 ' 2  s

1 (2,14+-4, f+-4-44) = 1 1 12 , - 2 > s '

( t + t - 4 ,41 - ) =
' 2 ' 2  a

One o f  t h e  p o s s i b l e  w a y s  o f  g i v i n g  t h e  e i g h t  s p i n

e i g e n s t a t e s  o f  t h e  t r i m e r  i s  t h e  s e t 2

+ 4- = I 3  32'2>

1 i 3  1( t 4 1 -+++++4-t+) =  i - p 7 >

(4,t++++++++1,) =

1  (4, t+-44-0 =  1  ' 1

}
(4.14)

( 4 . 5 )

( 4 . 6 )

( 4 . 4 )  i s  t h e  s p i n  q u a r t e t ;  ( 4 . 5 )  a n d  ( 4 . 6 )  a r e  t h e  t w o

s p i n  d o u b l e t s .
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E ( 1 2 3 ) A = ( 1 2 3 )
3 B = ( 1 2 3

1 2 3 2 1 3 1 3 2

C ( 1 2 3 D = ( 1 2 3 F = ( 1 2 3
3 2 1 3 1 2 2 3 1

F o r  t h e  s p i n  I T ,  ± T >  . s t a t e s ,  i . e . ,  f o r  t h e  s p i n
1 t r i m e r ,  t h e r e  a r e  t w o  d o u b l e t s  t o  c o n t r i b u t e  t o  t h e

w a v e f u n c t i o n ;  o n e  i s  s y m m e t r i c  a n d  t h e  o t h e r  i s  a n t i -

s y m m e t r i c  u n d e r  i n t e r c h a n g e  o f  p a r t i c l e s  o n e  a n d  t w o .

B. T h r e e - P a r t i c l e  E x c h a n g e

The s e t  o f  t h r e e - p a r t i c l e  e x c h a n g e s  c o n s i s t s  o f

t h r e e  p a i r  e x c h a n g e ,  t w o  c y c l i c  e x c h a n g e s ,  a n d  t h e  i d e n -

t i t y .  T h i s  s e t  f o r m s  a  m a t h e m a t i c a l  g r o u p ,  t h e  p e r m u t a -

t i o n  g r o u p  o f  t h r e e  o b j e c t s .  A  p e r m u t a t i o n  c a n  b e  s p e c i -

f i e d  b y  t h e  s y m b o l

( 1  2  3

a l  a 2  a 3
( 4 . 7 )

whe re  t h e  a i  a r e  a  r e a r r a n g e m e n t  o f  1 , 2 , 3 .  T h e  p e r m u t a -

t i o n  r e p r e s e n t e d  i s  t h e  o n e  w h e r e  e a c h  n u m b e r  i n  t h e  u p p e r

l i n e  i s  r e p l a c e d  b y  t h e  n u m b e r  b e l o w  i t  o n  t h e  l o w e r  l i n e .

I n  t h i s  n o t a t i o n ,  t h e  t r i a n g l e  s y m m e t r y  g r o u p  o p e r a t i o n s

a r e  g i v e n  b e l o w  i n  ( 4 . 8 )

( 4 . 8 )
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T h i s  g r o u p  h a s t h e  m u l t i p l i c a t i o n  t a b l e

E A

( 4 . 9 )

E E A

A A E D F B C

B B F E D C A
( 4 . 9 )

C C D F E A B

D D C A B F E

F F B C A E D

A n o t h e r  n o t a t i o n  o f t e n  u s e d  f o r  t h e s e  p e r m u t a t i o n s  i s

P12 =  A ,  P 2 3  =  B ,  P 3 1  =  C

C123 =  D ,  C 1 2 3  =  F123

C. E x c h a n g e  R e s t r i c t i o n s  o n  t h e  F e r m i o n  T r i m e r

W a v e f u n c t i o n

1. G e n e r a l  f o r m  o f  w a v e f u n c t i o n

( 4 . 1 0 )

O p e r a t i o n s  A , B , C  a r e  p a i r  e x c h a n g e s ;  a s  s u c h ,  w h e n

o p e r a t i n g  o n  t h e  f e r m i o n  t r i m e r  w a v e f u n c t i o n ,  t h e y  m u s t

t a k e  i t  t o  m i n u s  i t s e l f .  D  a n d  F  a r e  t h r e e - c y c l e  e x c h a n g e s

and c o r r e s p o n d  b y  ( 4 . 9 )  t o  t w o  p a i r - e x c h a n g e s ;  t h u s  t h e s e

o p e r a t i o n s  m u s t  l e a v e  t h e  t r i m e r  w a v e f u n c t i o n  i n v a r i a n t .
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The H a m i l t o n i a n ,  t h e  a n g u l a r  momentum o p e r a t o r s ,

and t h e  s p i n  o p e r a t o r s  C 4 . 3 )  a l l  c o m m u t e ,  s o  t h a t  s i m u l -

t a n e o u s  e i g e n s t a t e s  a r e  p o s s i b l e .  T h e  w a v e f u n c t i o n  i s

w r i t t e n  a s  a  p r o d u c t  o f  a  s p i n  p a r t  a n d  a  s p a t i a l  p a r t

w h i c h  i n c l u d e s  t h e  r o t a t i o n a l  e i g e n s t a t e s .  A  w a v e f u n c t i o n

i n  t h e  f o r m  ( 3 . 3 2 )  i s  n o t  p o s s i b l e  i n  g e n e r a l  f o r  a  n o n -

r i g i d  b o d y ,  w h e r e  t h e  b o d y - f i x e d  z - c o m p o n e n t  o f  a n g u l a r

momentum i s  n o t  a  g o o d  q u a n t u m  n u m b e r .  A p a r t  f r o m  t h e

f r e e  p a r t i c l e  m o t i o n  o f  t h e  c e n t e r  o f  m a s s ,  t h e  w a v e -

f u n c t i o n  ( f o r  e a c h  s p i n  s t a t e  x ) ,

( 4 . 1 1 )
Q k

(Pm =  G  g  Dm. m m
m' =-Q

w h e r e  g m ,  d e p e n d s  o n l y  o n  t h e  i n t e r n a l r e l a t i v e  c o o r d i n a t e s

o f  t h e  t h r e e  p a r t i c l e s .  X  i s  t h e  s p i n  p a r t ,  a n d  t h e  D Z

a r e  t h e  s y m m e t r i c  t o p  w a v e f u n c t i o n s  d i s c u s s e d  i n  ( 3 . 2 8 ) .

These  Dom,  ' s  s e r v e  h e r e  a s  a  c o m p l e t e  s e t  o f  £ , m  e i g e n -

s t a t e s .

2. P a r i t y  e i g e n s t a t e s

As w e  w i l l  d i s c u s s  l a t e r  i n  S e c t i o n  D ,  t h e  p e r m u t a -

t i o n s  o f  t h e  t h r e e  p a r t i c l e s  c a n  b e  u n d e r s t o o d  a s  p r o p e r

r o t a t i o n s .  T h e r e  i s  a  d i s t i n c t  o p e r a t i o n , 3  s p a c e - i n v e r s i o n ,

w h i c h  a l s o  l e a v e s  t h e  H a m i l t o n i a n  i n v a r i a n t .
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S p i n  i s  a n  a n g u l a r  momentum,  a n d  a s  s u c h  i s  a

p s e u d o v e c t o r  u n a f f e c t e d  b y  a n  i n v e r s i o n ,  t h e r e f o r e  i t  i s

s u f f i c i e n t  t o  l o o k  o n l y  a t  t h e  s p a t i a l  p a r t  o f  t h e  w a v e -

f u n c t i o n  i n  i m p o s i n g  t h e  s y m m e t r y  u n d e r  i n v e r s i o n .

We r e q u i r e  t h a t  IP i n  ( 4 . 1 1 )  b e  a  p a r i t y  e i g e n -

s t a t e ,  i . e . ,  Pip=±1p. T h e  e f f e c t  o f  t h e  p a r i t y  o p e r a t i o n

i s  o n l y  o n  t h e  E u l e r  a n g l e s ,  a s  t h e  i n t e r p a r t i c l e  c o o r -

d i n a t e s  a r e  u n a f f e c t e d .  T h e  e f f e c t  i s  t h a t  o f  r o t a t i n g

t h e  t r i a n g l e  b y  Tr a b o u t  t h e  b o d y - f i x e d  z - a x i s .  T h i s  m e a n s

i n c r e a s i n g  t h e  E u l e r  a n g l e  y  b y  T r . 4

PDm.m 1 ( a 03,Y)  =  D o m , ( a , P. , y + T O

= e i m ‘ f f  D t  , ( a , 1 3 , y )
mm

'= ( - 1 ) m  D m m , ( a , ( 3 , Y )

( 4 . 1 2 )

The r e q u i r e m e n t  t h a t  4/  i n  ( 4 . 1 1 )  i s  a  p a r i t y  e i g e n s t a t e

means t h a t  o n l y  e x c l u s i v e l y  e v e n  o r  o d d  m '  c a n  c o n t r i b u t e

t o  U .

3. E x c h a n g e  r e s t r i c t i o n s  o n  s p i n - 7  t r i m e r  e i g e n s t a t e s

3F o r  t h e  s p i n - 7  t r i m e r ,  e i g e n s t a t e s  o f  t h e  s p i n  q u a r t e t

( 4 . 4 )  a r e  s y m m e t r i c  u n d e r  a l l  i n t e r c h a n g e s  a n d  t h e r e f o r e  a r e

i n v a r i a n t  u n d e r  t h e  g r o u p  o p e r a t i o n s .  I n  t h e  p r o d u c t  r e p -

r e s e n t a t i o n  t h e  g r o u p  a c t s  o n l y  o n  (I)2, ( 4 . 1 1 ) .



54
0

The k = 0  r o t a t i o n a l  e i g e n s t a t e  D 0 = 1  i s  e x c l u d e d

b e c a u s e  i t  i s  i n v a r i a n t  u n d e r  a l l  e x c h a n g e  o p e r a t i o n s

F o r  k = 1 ,  f r o m  ( 4 . 1 1 )

1 1  1 D 1  1  1
m =  g l p m l  g o m O  +  g - l p m - 1 ( 4 . 1 3 )

1 1Because  (I)m m u s t  b e  a  p a r i t y  e i g e n s t a t e  g o  a n d  t h e  g + 1  c a n -

n o t  b o t h  c o n t r i b u t e .  W e  w i l l  b e  g u i d e d  i n  c h o o s i n g  e t _ i = 0

i n  a  l a t e r  s e c t i o n .

4 .  E x c h a n g e  r e s t r i c t i o n s  i n  s p i n - 7  t r i m e r  e i g e n s t a t e s

F o r  t h e  m i x e d - s y m m e t r y  t r i m e r ,  t h e r e  a r e  t w o  s p i n

d o u b l e t s  ( 4 . 5 )  a n d  ( 4 . 6 )  f r o m  w h i c h  ip i s  c o n s t r u c t e d .  T h e

d o u b l e t  X s  i n  ( 4 . 5 )  i s  s y m m e t r i c  u n d e r  t h e  e x c h a n g e  o f  p a r -

t i c l e s  o n e  a n d  t w o ;  t h e  d o u b l e t  X a  i n  ( 4 . 6 )  i s  a n t i s y m -

m e t r i c  u n d e r  t h i s  p a i r  e x c h a n g e .

(I)axs 4)sxa ( 4 . 1 4 )

(I)a a n d  cl)s a r e  a n t i s y m m e t r i c  a n d  s y m m e t r i c , r e s p e c t i v e l y ,

u n d e r  t h e  p a i r  e x c h a n g e  o f  o n e  a n d  t w o ,  s o  t h a t  IP i s  a n t i -

s y m m e t r i c  o v e r a l l .

C o n s i d e r  t h e  —  2'2> c a s e .  T h e  s a m e  r e l a t i o n s  a l s oI

h o l d  f o r 2 '  2  ->.

Xs

Xa

1=

= 1  --(t+t-4-tt)
IT

( 4 . 1 5 )
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We c o n s i d e r  t h e  p a i r  e x c h a n g e  A  a n d  t h e  c y c l i c  e x c h a n g e

D w h i c h  a r e  s u f f i c i e n t  t o  g e n e r a t e  t h e  p e r m u t a t i o n  g r o u p .

A X s  =  x s

1 l a 'D x s  _  - - 7 - x s

A x a  =  - x a

VT 1
D X a  =

(4.16)

( 4 . 1 7 )

R e q u i r i n g  ip  b e  a n t i s y m m e t r i c  u n d e r  A  a n d  s y m m e t r i c  u n d e r

D, ( 4 . 1 4 ) ,  ( 4 . 1 6 ) ,  a n d  ( 4 . 1 7 )  a l l o w  u s  t o  d e d u c e  t h a t

and t h a t

AIP =  =  ( A ( P a ) X s  -  ( A ( P s ) x a

= [ 1 ( D ( I )  )  -  - - ( D c P  ) 7 x2 a  2  /5- s s

+ 7  VT (14a) -  TO)s)7xa

AcPa =  —(Pa

D(Pa =  4 P s

AcPs =

D(Ps = VT 1
7(Pa -  24s

4,a a n d  cps a r e  e x p a n d e d  i n  r o t a t i o n a l  e i g e n s t a t e s

(1)a

(Ps

1= b ,  D1ml +  b o  D1mo +  b - 1  Dm- 1

1 1= a ,  D 1 l  + a o  D  111O + a - 1  Dm- 1m

( 4 . 1 8 )

( 4 . 1 9 )

( 4 . 2 0 )

( 4 . 2 1 )



56

w h e r e  t h e  a .  a n d  b i  a r e  f u n c t i o n s  o f  t h e  i n t e r n a l  c o o r -i
d i n a t e s .  W e  d o  n o t  a s s u m e  t h a t  t h e y  a r e  s y m m e t r i c ,  b u t

a l l o w  t h e m  t o  c h a n g e  u n d e r  i n t e r c h a n g e s .  A s  i n  t h e  p r e -

v i o u s  s e c t i o n  w e  c a n n o t  h a v e  b o t h  e v e n  a n d  o d d  p a r i t y

s t a t e s  c o n t r i b u t i n g .  G u i d a n c e  i n  t h e  c h o i c e  w i l l  b e  p r o -

v i d e d  l a t e r ,  w h e r e  w e  w i l l  s e e  t h a t  b  o =a o=0. From t h i s

we w i l l  b e  a b l e  t o  c o n c l u d e  t h a t  (I)a a n d  qhs a r e  e a c h  m a d e
1

up o f  Dm1  a n d  Dm- 1 .

D. E q u i l a t e r a l  T r i a n g l e  C a s e

1. E x c h a n g e  g r o u p

The c a s e  o f  t h e  e q u i l a t e r a l  t r i a n g l e  p r o v i d e s  g u i d -

ance  f o r  t h e  m o r e  g e n e r a l  c a s e ,  b e c a u s e  i t  c a n  b e  s y s t e -

m a t i c a l l y  s o l v e d  i n  t e r m s  o f  t h e  g r o u p  o f  c o v e r i n g  o p e r a -

t i o n s  o n  t h e  t r i a n g l e . 5

T h i s  g r o u p  c o n s i s t s  o f  f i v e  o p e r a t i o n s ,  l a b e l l e d

A , B , C , D , F  i n  a d d i t i o n  t o  t h e  i d e n t i t y  E .  A , B , C  a r e

r o t a t i o n s  b y  Tr a b o u t  t h e  b o d y - f i x e d  a x e s  i n  t h e  p l a n e  o f

t h e  t r i a n g l e  a s  i s  s h o w n  i n  F i g .  4 - 1 .  D  i s  a  c l o c k w i s e

r o t a t i o n  b y  2 7 i n  t h e  p l a n e  o f  t h e  t r i a n g l e ,  a n d  F  i s  a
47c l o c k w i s e  r o t a t i o n  b y  i n  t h e  s a m e  p l a n e .
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1

A

Figure 4 - 1
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Th is  g r o u p  o f  c o v e r i n g  o p e r a t i o n s  h a s  t h e  m u l t i -

p l i c a t i o n  t a b l e  ( 4 . 9 )  a n d  t h e  r e p r e s e n t a t i o n  ( 4 . 8 ) .

Ano the r  r e p r e s e n t a t i o n  o f  t h i s  g r o u p  i s  p r o v i d e d

by t h e  (22.+1)- d i m e n s i o n a l  m a t r i c e s

E =

A =

B =

C =

DITLITI2, )

The g r o u p  o p e r a t i o n s  i n  t h i s  r e p r e s e n t a t i o n  a r e

Dmmk , ( 0 , 0 , 0 )  =  6  mm,

D2'mm , ( 0 , - 7 , 0 )  =  (-1)9,-Em 6 -mm,
27

Dom,(- 7  - Tr, 311)  =  ( - ) k ' M  e i m  3  6 -m,m
2w

1)9' , ( i , - 7 , - i )  =  ( -1) .9„ „m e  -  6 -m,m'
im27

Dom, ( - ? 3 , 0 , 0 )D =  Dmm =  e  3  6 mm'
27

F = D k  ,(2.71- ' 3  0,0) = e-im Smm 3 te,

( 4 . 2 2 )

I f  G i s  o n e  o f  t h e  o p e r a t i o n s  i n  ( 4 . 2 2 ) ,  i t s  e f f e c t  o n

a r o t a t i o n a l  e i g e n s t a t e  i n  ( 4 . 1 1 )  i s

G (t,m = mu
ml

k k r o N ngm , Dmm,, , m  m ( 4 . 2 3 )

2. F u r t h e r  exchange r e s t r i c t i o n s  o n  s p i n - 7  t r i m e r

A p p l y i n g  A  f r o m  ( 4 . 2 2 )  o n  (Pm i n  ( 4 . 1 3 )  b y  ( 4 . 2 3 )  w e

see t h a t
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1 -  1

g1 =  g   cD —1

A p p l y i n g  B  f r o m  ( 4 . 2 2 )  t h e  same w a y,  w e  g e t
.2Tr1.—1 3  1

g l  e  =  - g - 1

t o g e t h e r  ( 4 . 2 4 )  a n d  ( 4 . 2 5 )  i m p l y  t h a t

1 =  g 1  =  0g1 -1

( 4 . 2 4 )

( 4 . 2 5 )

(4 .26 )

so o n l y  t h e  Dm t e r m  i n  ( 4 . 1 3 )  c o n t r i b u t e s ,  a n d  t h e  g r o u n d
o

s t a t e  o f  t h e  s p i n --.2- t r i m e r  f o r  t h e  e q u i l a t e r a l  t r i a n g l e

i s

(Pm =  g 1  Dm  ( a , 6 , y ) (4 .27 )

3. F u r t h e r  exchange r e s t r i c t i o n s  o n  s p i n —  1--2- t r i m e r

A p p l y i n g  o p e r a t i o n  A  f r o m  ( 4 . 2 2 )  o n  (Pa i n  ( 4 . 2 1 )  b y

( 4 . 2 3 ) ,  u s i n g  ( 4 . 1 9 ) :

A b 1  =  - b - 1

A b  =  b0 0

A b - 1 =  - b 1

L i kew ise  i n  (1)s, u s i n g  ( 4 . 2 0 )

A a l  =  a - 1

A a o  =  - a o

A a - 1 =  a 1

(4 .28 )

(4 .29 )



60

B a n d  D  o n  ¢ a  a n d  ¢ s ,  t r e a t e d  s i m i l a r l y ,  g i v e  a  s e t  o f

r e l a t i o n s  t h a t ,  c o m b i n e d  w i t h  ( 4 . 2 8 )  a n d  ( 4 . 2 9 )  t o g e t h e r

w i t h  t h e  r e l a t i o n  AB=D f r o m  t h e  m u l t i p l i c a t i o n  t a b l e

( 4 . 9 ) ,  a l l o w  u s  t o  c o n c l u d e

b1 =  - i  a 1

ao =  b o  =  0

b -1  =  i  a - 1

( 4 . 3 0 )  i n t o  ( 4 . 2 1 )  g i v e s

1(Pa =  ( - i a l ) D m 1  i +

(I) =  a  D1 +  a  1s 1  m l  - 1 D  m - 1

so t h a t  f o r  t h e  e q u i l a t e r a l  t r i a n g l e

1 1  111)=[(-ia1 )D1 +  ( i a - 1 ) D m - 1 ] ) ( s  +  [ a 1 D m l  +  a-1Dm-1] ) (aml

( 4 . 3 0 )

( 4 . 3 1 )

( 4 . 3 2 )
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CHAPTER 5

VARIATIONAL METHOD FOR THE BOSON TRIMER

V a r i a t i o n a l  m e t h o d s  h a v e  b e e n  u s e d  s u c c e s s f u l l y  t o

bound  b o s o n  t r i m e r  g r o u n d  s t a t e  e n e r g i e s . ' I n  t h i s  c h a p -

t e r  w e  c o n s i d e r  a  l o o s e l y  b o u n d  t r i m e r  o f  t h r e e  s p i n l e s s

p a r t i c l e s  i n  t h r e e  d i m e n s i o n s .  B e c a u s e  o f  t h e  e x c h a n g e

s y m m e t r y  o f  b o s o n s ,  t h e  g r o u n d  s t a t e  h a s  a n g u l a r  momentum

k=0.  T h i s  l e a d s  t o  a  c o n s i d e r a b l e  s i m p l i f i c a t i o n  i n  t h e

S c h r o e d i n g e r  e q u a t i o n  ( 3 . 1 )  w h e n  i t  i s  w r i t t e n  i n  t e r m s

o f  t h e  i n t e r p a r t i c l e  c o o r d i n a t e s .

F o u r  p o t e n t i a l s  a r e  c o n s i d e r e d :  t h e  s q u a r e  w e l l ,

t h e  e x p o n e n t i a l ,  t h e  Yu k a w a ,  a n d  t h e  G a u s s i a n .  A  v a r i -

a t i o n a l  c a l c u l a t i o n  i s  m a d e  f o r  e a c h  u s i n g  t h e  J a s t r o w

t r i a l  f u n c t i o n  a n d  a  n u m e r i c a l  d e t e r m i n a t i o n  i s  m a d e  o f

t h e  m i n i m u m  n e c e s s a r y  p o t e n t i a l  a t t r a c t i o n  f o r  t h e

t r i m e r  t o  b e  b o u n d .  A  c o m p a r i s o n  o f  t h i s  b o u n d  o n  t h e

p o t e n t i a l  w i t h  a  b o u n d  f r o m  t h e  k n o w n  t w o - b o d y  c a s e  s h o w s

t h a t  o u r  t r e a t m e n t  g i v e s  a  m o r e  r e s t r i c t i v e  u p p e r  b o u n d .

A.  I n t e r p a r t i c l e  C o o r d i n a t e s

We i n t r o d u c e  t h e  i n t e r - p a r t i c l e  c o o r d i n a t e s
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r =

s =

t =

V ( r  r  r(t,1',1,2,,v3 ) = V ( I r  - r  I ,  I r  - r  Iq.,3 ,1,1 , 1 , 2  ,1,3 '

I k 1 2 3 I  =

lit'a.2I —

I r  - r  I,A,3 t i l l

I r  - r  I( 0  (1,3

I r  I( t i t  t i  2 I2

( 5 . 1 )

The p o t e n t i a l  i n  ( 3 . 1 )  i s  s s u m e d  t o  b e  d u e  t o  p a i r -

p o t e n t i a l s  V ( r . . )  w h i c h  d e p e n d  o n l y  o n  t h e  i n t e r p a r t i c l e3_3
s e p a r a t i o n s .

= V ( r , s , t )  ( 5 . 2 )

= V ( r ) + V ( s ) + V ( t )

To i n t e g r a t e  o v e r  t h e  t h r e e - p a r t i c l e  v o l u m e ,  i t  i s  s u f f i -

c i e n t  t o  i n t e g r a t e  o v e r  t h e  t w o  p a r t i c l e  p o s i t i o n s  r 3 1 ,

r  i n c l u d i n g  t h e  o r i e n t a t i o n  a n g l e  0  b e t w e e n  r 0 1  a n d(O3 '
r 2 3 ,  s i n c e  t h e s e  s p e c i f y  t h e  p o s i t i o n s  o f  a l l  t h r e e  p a r -

t i c l e s .  T h i s  v o l u m e  i n t e g r a l  h a s  t h e  f o r m

co O 0  1
I  f  f  r 2 d r  s 2 d s  d ( c o s 0 )

r = 0  s = 0  - 1

The l a w  o f  c o s i n e s  t 2 = r 2 + s 2 - 2 r s c o s e  f o r  t h e  t r i a n g l e  d e -

( 5 . 3 )

f i n e d  b y  ( 5 . 1 )  g i v e s

r s d ( c o s 0 )  =  t  d t  ( 5 . 4 )

and t = l r - s l  w h e n  c o s 0 = 1 ,  a n d  t = r + s ,  w h e n  c o s 0 = - 1 .  P u t t i n g

t h i s  i n t o  ( 5 . 3 ) ,  t h e  v o l u m e  i n t e g r a l  i s
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1
r = 0  s = 0  t = j r — s l
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r s t  d r d s d t  ( 5 , 5 )

( 5 . 4 )  h a s  a  s y m m e t r i c  f o r m  t h a t  i s  v a l u a b l e  i n  c o m p u t i n g

v o l u m e  i n t e g r a l s .

B. T r i a l  W a v e f u n c t i o n

I n  t h e  v a r i a t i o n a l  m e t h o d ,  a n  i n t e l l i g e n t  g u e s s  i s

made a b o u t  t h e  g r o u n d  s t a t e  w a v e f u n c t i o n ,  w h i c h  i s  w r i t t e n

i n  t e r m s  o f  a n  a d j u s t a b l e  p a r a m e t e r .  T h e  v a r i a t i o n a l  e n -

e r g y  o f  t h i s  s y s t e m  i s  c a l c u l a t e d  a s  a  f u n c t i o n  o f  t h i s

p a r a m e t e r .  T h i s  e n e r g y  i s  t h e n  m i n i m i z e d  o v e r  t h e  p a r a m -

e t e r  a n d  t h e  r e s u l t  s e r v e s  a s  a n  u p p e r  b o u n d  t o  t h e  e x a c t

e n e r g y  o f  t h e  s y s t e m .

The w a v e f u n c t i o n  i s  c h o s e n  t o  b e  a  s y m m e t r i c  f u n c -

t i o n  o f  t h e  i n t e r p a r t i c l e  c o o r d i n a t e s .  E v i d e n c e 2  i n d i -

c a t e s  t h a t  t h e  J a s t r o w  t r i a l  f u n c t i o n  i s  a  r e a s o n a b l e

c h o i c e  n e a r  t h r e s h o l d  b i n d i n g  s i n c e  i t  g e t s  t h e  c o r r e c t

f o r m  o f  t h e  w a v e f u n c t i o n  a t  l a r g e  d i s t a n c e s .

g ( r , s , t )  =  N  e - a ( r + s + t ) (5.6)

U s i n g  v o l u m e  i n t e g r a l  ( 5 . 5 )  t o  c o m p u t e  t h e  n o r m a l i z a t i o n

N,
r + s

,1' I  f  g 20
° l r - s l

r s t  d r d s d t = 1 = N  2 i f f e - 2 a ( r + s + t ) r s t  d r d s d t

= N 2   7
210a6
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w h i c h  g i v e s
25a3

N =
VT

C. K i n e t i c  E n e r g y

( 5 . 7 )

The k i n e t i c  e n e r g y 3  i s  c a l c u l a t e d  i n  r e c t a n g u l a r

c o o r d i n a t e s  f r o m  ( 5 . 6 )  u s i n g  t h e  o p e r a t o r

2
( K . E . )  =  " f aH(V+V22  +V32)

( 5 . 8 )  o n  ( 5 . 6 )  g i v e s

( 5 . 8 )

( K . E . ) g  =  -  2  6 a 2  +  a 2 ( r 2 t + s 2 t - t 3 + r s 2 + r t 2 - r 3 + s t 2 + r 2 s - s 3 )2M r s t

1 1 1-  4a(-17,±1+T)f

The e x p e c t a t i o n  v a l u e  o f  t h e  k i n e t i c  e n e r g y  i s

< K . E . >  =  f f f g ( K . E . ) g  r s t d r d s d t

( 5 . 9 )

2 1 0  6  co co r + s.2  a   r  r  { 6 a 2 + a 2 ( r 2 t + s 2 t - t 3 + r s 2 + r t 2 - r 3 + s t 2 + r 2 s - s 3 )
2M 7  i  J  I  r s t

0 0  I r - s l
( 5 . 1 0 )

1 1  1  ,  - 2 a ( r + s + t )- 4 a ( * T - ) 1  e  r s t d r d s d t

D o i n g  t h e  i n t e g r a l s  i n  ( 5 . 1 0 )  i s  s t r a i g h t f o r w a r d .  T h e

v a l u e s  o f  i n t e g r a l s  n e e d e d  a r e  t a b u l a t e d  i n  A p p e n d i x  B .

The r e s u l t  i s
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<K.E.> =  3 0  T1. a 2  7 M

D. M o d e l s

( 5 . 11 )

We w i l l  now c o n s i d e r  f o u r  p o t e n t i a l s ,  t h e  s q u a r e

w e l l ,  t h e  e x p o n e n t i a l ,  t h e  yukawa,  a n d  t h e  g a u s s i a n .  F o r

each we c a l c u l a t e  t h e  v a r i a t i o n a l  e n e r g y  a n d  f r o m  t h i s  we

de te rm ine  a n  u p p e r  bound t o  t h e  b i n d i n g  p a r a m e t e r  a t

t h r e s h o l d .

1. S q u a r e  w e l l  p o t e n t i a l

I n  ( 5 . 2 )  w e  u s e  t h e  p a i r - p o t e n t i a l

-Vo ,  r . . <  r o13V ( r . . )  =
i j  0 ,  o t h e r w i s e

( 5 . 1 2 )

The e x p e c t a t i o n  v a l u e  o f  t h e  p o t e n t i a l  e n e r g y,

< V ( r , s , t ) >  =  f f f g V ( r , s , t ) g  r s t  d r d s d t  ( 5 . 1 3 )

w i t h  g  f r o m  ( 5 . 6 ) ,  ( 5 . 1 3 )  g i v e s

< V ( r , s , t ) >
n10 6

= z  a   / A i7 J . , ( V ( r ) + V ( s ) + V ( t ) ) r s t e - 2 a ( r + s + t ) d r d s d t

10 6
2 a   3 f f f V ( r ) r s t e - 2 a ( r + s + t ) d r d s d t

7

2 7 a  1063V f
r=0

O3 r+s

s=0 t = l r - s l

( 5 . 1 4 )

r s t e - 2 a ( r + s + t ) d r d s d t

( 4 a r  ) 4
5 (4a ro )3  ( 4 a r o   +  ( 4 a r o ) + 1 ] e  o l ) 2- o a r

= - 3 V ° { 1 - C 84 4 2  2
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I n t r o d u c i n g  t h e  d i m e n s i o n l e s s  p a r a m e t e r s

x  =  4 a r o

Mr2Vo oK -
fl.2

( 5 . 1 5 )

x  i s  t h e  v a r i a t i o n a l  p a r a m e t e r  a n d  K  i s  t h e  b i n d i n g

p a r a m e t e r .  C o m b i n i n g  ( 5 . 1 1 )  a n d  ( 5 . 1 4 )  w i t h  ( 5 . 1 5 ) ,  w e

g e t  t h e  e q u a t i o n :

2 4  3  2E 5  x  1  4  [ x  +  5 x  4  x  ,  - x
(3V )  5 6  K  - -  '  4 4   4 2  +  2  +  x + l J e

0
( 5 . 1 6 )

U s i n g  a  p r o g r a m m a b l e  c a l c u l a t o r ,  t h e  v a r i a t i o n  o v e r

x  i n  ( 5 . 1 6 )  h a s  b e e n  s t u d i e d  n u m e r i c a l l y  a s  a  f u n c t i o n  o f

K.

F i g u r e  5 - 1  s h o w s  -a-v-  a s  a  f u n c t i o n  o f  v a r i a t i o n a l
o

p a r a m e t e r  x ,  f o r m u l a  ( 5 . 1 6 ) ,  f o r  t h r e e  v a l u e s  o f  K .  T h e

t o p  f i g u r e  s h o w s  t h a t  w h e n  K = 2 ,  t h e  m i n i m u m  i n  t h e  g r a p h

has  p o s i t i v e  e n e r g y ,  h e n c e  t h e  t r i m e r  i s  n o t  b o u n d .  T h e

b o t t o m  f i g u r e  h a s  K = 2 . 1 5 ;  t h e  e n e r g y  a t  t h e  m i n i m u m  i s

n e g a t i v e  a n d  t h e  s y s t e m  i s  b o u n d .  T h e  c e n t e r  g r a p h

c o r r e s p o n d s  t o  K = 2 . 0 9 6 0 2 3 ,  w h i c h  g i v e s  t h r e s h o l d  b i n d i n g

f o r  w a v e f u n c t i o n  ( 5 . 6 ) .

ubKc =  2 . 0 9 6 0 2 3 ( 5 . 1 7 )

Because  o u r  v a r i a t i o n a l  e n e r g y  ( 5 . 1 6 )  i s  a n  u p p e r

bound  t o  t h e  e x a c t  e n e r g y  f o r  t h e  p o t e n t i a l  c o n s i d e r e d ,
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Figure  5 - 1  B o s o n  Tr i m e r  Va r i a t i o n a l  Energy,  Square We l l  P o t e n t i a l
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( 5 . 1 7 )  i s  a n  u p p e r  b o u n d  o n  t h e  e x a c t  t h r e s h o l d  b i n d i n g

p a r a m e t e r  f o r  t h e  s q u a r e  w e l l .

A c o m p a r i s o n  i s  n o w  p o s s i b l e  b e t w e e n  ( 5 . 1 7 )  a n d  t h e

c o r r e s p o n d i n g  b i n d i n g  p a r a m e t e r  i n  t h e  t w o - b o d y  p r o b l e m .
4

U s i n g  t h e  H a l l - P o s t  l o w e r  b o u n d  a n d  t h e  B r u c h - S a w a d a

u p p e r  b o u n d 5  i n  t h e  t r i m e r  g r o u n d  s t a t e  e n e r g i e s  w e  k n o w

t h a t  t h e  t h r e e - b o d y  t h r e s h o l d  b i n d i n g  p a r a m e t e r  l i e s  b e -

t w e e n  •T o f  t h e  t w o - b o d y  p a r a m e t e r  a n d  t h e  t w o - b o d y  v a l u e

i s  7 2 / 4  =  2 . 4 6 7 4 0 1 ,  t h u s

2
2 w 4  c  1.644934 < K <  K-§ 4  -  c  c

b = 2 . 0 9 6 0 2 3  <  2 . 4 6 7 4 0 1  ( 5 . 1 8 )

From ( 5 . 1 8 )  w e  s e e  t h a t  w e  h a v e  c o n s i d e r a b l y  i m p r o v e d  t h e

u p p e r  b o u n d  o n  K e  u s i n g  ( 5 . 1 - ) .

2.  E x p o n e n t i a l  p o t e n t i a l

As i n  S e c t i o n  5 ,  w i t h  t h e  p a i r - p o t e n t i a l

V ( r . . )  - V o e - r 1 J / r o13

we g e t

210a6 _ t
< V ( r , s , t ) >  =  7  f f f  C - V o e  r ° - - Vo e  r ° - V o e  r ° ] r s t

x  e - 2 a ( r + s i - t ) d r d s d t

( 5 . 1 9 )

( 5 . 2 0 )
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Use t h e  d i m e n s i o n l e s s  p a r a m e t e r s  ( 5 . 1 5 ) ,  a d d  ( 5 . 1 1 )

t o  ( 5 . 2 0 )  t o  g e t  t h e  e n e r g y

E 5  x 2 2  3 r  5 4 32  x  x  x ( 5 . 2 1 )33Vo -  5 6  K  ' 7 ( 1 + x ) 5  7  C l + x ) 4  7  C l + x )

N u m e r i c a l  a n a l y s i s  o f  ( 5 . 2 1 )  y i e l d s  t h r e s h o l d  b i n d -

i n g  a t
Kub =  1 . 2 2 2 0 4 1

c ( 5 . 2 2 )

The c o r r e s p o n d i n g  K c  i n  t h e  t w o - b o d y  p r o b l e m  i s  f o u n d  b y

t h e  t a b u l a t e d  z e r o s  o f  t h e  B e s s e l  f u n c t i o n ,  i n  t h e  e x a c t

s o l u t i o n  t o  t h e  r e d u c e d  S c h r o e d i n g e r  e q u a t i o n ,  t o  b e  1 . 4 4 6 .

T h i s  g i v e s  t h e  b o u n d s  o n  t h e  t h r e e  b o d y  t h r e s h o l d  b i n d i n g

p a r a m e t e r  K c :

3 ( 1 . 4 4 6 )  =  . 9 6 4 < K c  SKub= 1 . 2 2 2 0 4 1 < 1 . 4 4 6 ( 5 . 2 3 )

From ( 5 . 2 3 )  w e  s e e  t h a t  ( 5 . 2 2 )  i s  a  c o n s i d e r a b l y  i m p r o v e d

u p p e r  b o u n d .

3. Y u k a w a  p o t e n t i a l

We p r o c e e d  a s  b e f o r e  u s i n g  t h e  p a i r - p o t e n t i a l

V ( r . . )  =  - V  r o  e - r i j / r o
i . j  o  r . .1.3

( 5 . 2 4 )

3 1
( 4 a r o ) s a  C 4 a r o )( 4 r o ) 4  3

< V ( r , s , t ) >  =  - V [ 2 ( 1 + 4 a r o ) 4  +  2 ]o 7  ( 1 + 4 a r o ) 3 ( 1 + 4 a r o )

( 5 . 2 5 )
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By ( 5 . 1 5 ) ,  ( 5 . 1 1 ) ,

E _  5  x 2

and ( 5 . 2 5 )

5x  x 4 x3
( 5 . 2 6 )3Vo 56 K 1 4 ( 1 + x ) 4 7 ( 1 + x ) 3

J
7 ( 1 + x ) 2

i n g  a t

N u m e r i c a l  a n a l y s i s  o f ( 5 . 2 6 ) y i e l d s  t h r e s h o l d  b i n d -

Kub = 1 . 4 6 2 6 7 8 ( 5 . 2 7 )

We u s e  t h e  H u l t h e n  a n d  L a u r i k a i n e n 7  r e s u l t  f o r  t h e  t w o -

b o d y  p r o b l e m ,  1 . 6 7 9 8 1 6 ,  a n d  c o m p a r e .

( 1 . 6 7 9 8 1 6 )  =  1 . 11 9 8 7 7 3  < K  c c  <Kb =  1 . 4 6 2 6 7 8 1 < 1 . 6 7 9 8 1 63
( 5 . 2 8 )

From ( 5 . 2 8 )  w e  s e e  t h a t  ( 5 . 2 7 )  i m p r o v e s  t h e  u p p e r  b o u n d  o n

Kc •

4. G a u s s i a n  p o t e n t i a l

We p r o c e e d  a s  p r e v i o u s l y ,  w i t h  t h e  p a i r - p o t e n t i a l

2
V( - r 1 3 / r 2r i j )  =  o  e  °

we u s e  t h e  d i m e n s i o n l e s s  v a r i a t i o n a l  p a r a m e t e r

Y =  2 a r o  =

4 2  4  1  2  ,  r -< V ( r , s , t ) > =  - 3 V 0 { - 7 T Y 8  +7116 +[71:1(9 -TY5 +7Y3Jvirey 2

x  [ 1 - e r f ( Y ) ] 1

( 5 . 2 9 )

(5.30)

( 5 . 3 1 )



72

o

By ( 5 . 3 1 ) ,  w i t h  ( 5 . 1 1 ) , ( 5 . 1 5 ) , and ( 5 . 3 0 )

E _ 5
14

Y2 f 8 + 2 . - y 6 4 . [ I i - y 9 _ 4 5 + 2 - y 3 ] / F e y 2 [ 1 - e r f ( Y ) ]
7 73V

_ _  _y4
7 iK 2 1 '  2 1

where e r f ( Y )  i s  t h e  " e r r o r  f u n c t i o n " .

2 Y  2
e r f ( Y )  E  /TT f  e - t  d t ( 5 . 3 2 )

o
( 5 . 3 3 )

A n u m e r i c a l  a n a l y s i s  i s  d o n e  u s i n g  a  n u m e r i c a l  a p -

p r o x i m a t i o n 8  f o r  t h e  e r r o r  f u n c t i o n ,  w i t h  t h e  r e s u l t

ubKc =  2 . 2 4 7 7 7 2 ( 5 . 3 4 )

The t w o  b o d y  r e s u l t  i s  o b t a i n e d  b y  n u m e r i c a l  i n t e g r a t i o n

t o  b e  2 . 6 8 4 .

3 ( 2 . 6 8 4 )  =  1 . 7 8 9  ≤  K c  <  Kub  =  2 .247772<2 .684-  c
( 5 . 3 5 )

From ( 5 . 3 5 ) ,  w e  s e e  t h a t  ( 5 . 3 4 )  i m p r o v e s  t h e  u p p e r  bound .
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CHAPTER 6

VARIATIONAL METHOD FOR THE FERMION TRIMERS

I n  t h e  r i g i d  t r i m e r  m o d e l  o f  C h a p t e r  3  a n d  i n  t h e

e x c h a n g e  d i s c u s s i o n  o f  C h a p t e r  4 ,  w e  s a w  t h a t  t h e  g r o u n d

s t a t e  o f  e a c h  o f  t h e  f e r m i o n  t r i m e r s  h a s  a n g u l a r  momentum

Q,=1.

I n  C h a p t e r  5 ,  w e  u s e d  a  f o r m  o f  t h e  J a s t r o w  t r i a l

f u n c t i o n  a n d  f o u n d  t h a t  i t  w a s  e a s y  t o  w o r k  w i t h  a n d  t h a t

i t  g a v e  g o o d  r e s u l t s .

I n  t h i s  c h a p t e r  w e  c o n s t r u c t  t r i a l  w a v e f u n c t i o n s  f o r
1 3t h e  s p i n - 2  a n d  s p i n - 2  t r i m e r s .  W e  r e q u i r e  t h a t  t h e s e  t r i a l

w a v e f u n c t i o n s  ( i )  m e e t  t h e  e x c h a n g e  y m m e t r i z a t i o n  r e q u i r e -

m e n t s ;  ( i i )  r e f l e c t  t h e  a n g u l a r  momE:ntum q u a n t u m  n u m b e r s ;

and C i i i )  i n c o r p o r a t e  m u c h  o f  t h e  s i m p l i c i t y  o f  t h e  b o s o n

t r i a l  f u n c t i o n .

These  t r i a l  f u n c t i o n s  a r e  t h e n  u s e d  i n  v a r i a t i o n a l

c a l c u l a t i o n s  f o r  t h e  s a m e  p a i r - p o t e n t i a l  m o d e l s  a s  i n  t h e

p r e v i o u s  c h a p t e r .  N u m e r i c a l  u p p e r  b o u n d s  a r e  g i v e n  f o r

t h e  t h r e s h o l d  b i n d i n g  p a r a m e t e r s .

A. C o o r d i n a t e  R e l a t i o n s

To p r o c e e d  w i t h  t h e  s i m p l e s t  e q u a t i o n s ,  w e  u s e
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r e c t a n g u l a r  s p a c e - f i x e d  c o o r d i n a t e s  t o  c o n s t r u c t  t h e

w a v e f u n c t i o n s  a n d  t o  c a l c u l a t e  t h e i r  k i n e t i c  e n e r g i e s .

These  c o o r d i n a t e s  a r e  r e l a t e d  t o  i n t e r n a l  c o o r d i n a t e s

and t h e  E u l e r  a n g l e s  b y  a  s e t  o f  r e l a t i o n s 1  ( 6 . 1 )  b e l o w .

x .  =  ( c o s a c o s 6 c o s Y - s i n a s i n Y ) i

- C c o s a c o s 6 s i n y + s i n a c o s y ) f l + ( c o s a s i n 6 ) .

y i  =  ( s i n a c o s 6 c o s Y + c o s a s i n Y ) i

- ( s i n a c o s 6 s i n Y - c o s a c o s y ) n + ( s i n a s i n 6 ) C

z . = - ( s i n 6 c o s y ) i + ( s i n 6 s i n y ) f l i + c o s 6 c i

( 6 . 1 )

Our  c h o i c e  o f  b o d y - f i x e d  a x e s  i n v o l v e s  l e t t i n g  t h e  t r i m e r

l i e  i n  t h e  p l a n e  w i t h  t h e  c e n t e r  o f  m a s s  a t  t h e  o r i g i n .

These  c o n d i t i o n s  a r e

1 = 2  -  3  =  0  ( 6 . 2 )

E l  E 2  E 3  =  n l  n 2  n 3  = 0

I t  w i l l  b e  u s e f u l  t o  n o t e  t h a t  f r o m  t h e  f o r m  o f  t h e  k = 1

r i g i d  r o t o r  w a v e f u n c t i o n , 2

D001 =  c o s

D1 - D 1
01 0 - 1

17

D1 + D 1
01 0 - 1

i

= s i n 6 c o s y  ( 6 . 3 )

= s i n 6 s i n y
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Exchange  c o n s t r a i n t s  a r e  i m p o s e d  b y  u s i n g  t h e  a n t i -

s y m m e t r i z e r ,

A n t i s y m m e t r i z e r  =  1  P  P  P  + r  + r  t 16 1 2  2 3  3 1  1 2 3  1 2 3 (6.4)

w h e r e  P i j  i s  a  p a i r - e x c h a n g e  o f  p a r t i c l e s  i  a n d  j ,  C 1 2 3

and Cl123 a r e  t h e  t w o  t h r e e - c y c l e  e x c h a n g e s  a s  d i s c u s s e d

i n  ( 4 . 1 0 ) .

B. S p i n -32--- T r i m e r  ( M i x e d - S y m m e t r y  T r i m e r )

11 .  S p i n - 7  t r i a l  w a v e f u n c t i o n

A d i r e c t  w a y  o f  m e e t i n g  t h e  r e q u i r e m e n t s  s t a t e d  i n

S e c t i o n  A . 1  i s  t o  m u l t i p l y  t h e  b o s o n  t r i a l  w a v e f u n c t i o n

( 5 . 6 )  b y  a  f u n c t i o n  o f  t h e  p a r t i c l e  c o o r d i n a t e s .

F o r  t h e  m i x e d - s y m m e t r y  t r i m e r ,  t h e  f o r m  o f  t h e  w a v e -

f u n c t i o n  i s  g i v e n  i n  E q .  ( 4 . 1 8 )

= (Paxs ( P s x a ( 6 . 5 )

G u i d a n c e  i n  c o n s t r u c t i n g  (I)a a n d  (1)s i s  p r o v i d e d  b y  t h e

e x a c t l y  s o l u b l e  c a s e  o f  t h e  p a i r  p o t e n t i a l

We c o n s t r u c t (Pa

V ( r i j  ) =  — k  r . .2 1 i j

and (Ps b y  m u l t i p l y i n g  C 5 . 6 )  b y  a  l i n e a r

f u n c t i o n  o f  t h e  i n t e r - p a r t i c l e  c o o r d i n a t e s .  T h e r e  i s

some a r b i t r a r i n e s s  i n  t h i s  c h o i c e ,  r e f l e c t i n g  t h e
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d e g e n e r a c y  o f  t h e  s p a c e  q u a n t i z a t i o n  o f  n o n - z e r o  a n g u l a r

momenta.  c P s .  m u s t  b e  a n t i s y m m e t r i c  u n d e r  t h e  i n t e r c h a n g e

o f  p a r t i c l e s  o n e  a n d  t w o .

(Pa =  N ( z i - z 2 ) e - a ( r 1 2 + 11 2 3 + 11 2 1 )  ( 6 . 6 )

cPs m u s t  b e  s y m m e t r i c  u n d e r  t h e  i n t e r c h a n g e  o f  p a r t i c l e s

one a n d  t w o .
1 - a ( r 1 2 + r 2 3 + r 3 1 )

cps =  1 \ 1 - - I i [ ( z 3 - z 1 ) - ( z 2 - z 3 ) ] e

P u t t i n g  ( 6 . 5 ) ,  ( 6 . 6 ) ,  a n d  ( 6 . 7 )  t o g e t h e r

- a ( r 1 2 + r 2 3 + r 3 1 )
= N { ( z 1 - z 2 ) e  X s

2 1  - a ( r 1 2 + r 2 3 + r 3 1 )
+ - - [ z 3 - 7 ( z 1 + z 2 ) e  X a )

(6.7)

( 6 . 8 )

P12IP =- IP i s  a u t o m a t i c  a n d  C123q)=Ip i s  r e a d i l y  v e r i f i e d .

C o m b i n i n g  ( 6 . 1 ) ,  ( 6 . 2 ) ,  a n d  ( 6 . 3 )  w i t h  ( 6 . 8 )

= N { - - ( [ - ( E 1 2 ) - i ( 7 1 1  -n2 0  )7D1 +E(E-C2 ) - i ( n 1  -n2 ) ] D 0 - 1  )1IT
- a ( r 1 2 + r 2 3 + r 3 1 )

x e Xs

+IT- - . ( [ . . . ( 3 - E 1 ) + C E 2 - 3 ) - i ( n 3 - 111 ) + 1 . ( n 2 - n 3 ) ] D 0 1

+ [ ( C 3 - 1 ) - ( 2 - 3 ) - 1 ( n 3 - n i ) l - i ( n 2 - n 3 ) ] ] 4 - 1 )

- a ( r 1 2 + r 2 3 + r 3 1 )
x e

( 6 . 9 )
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T h i s  i s  c o n s i s t e n t  w i t h  t h e  a r g u m e n t s  o f  S e c t i o n  6  o f

C h a p t e r  4 .

I n  t e r m s  o f  t h e  v o l u m e  i n t e g r a l  d i s c u s s e d  i n  S e c t i o n

A . 2  o f  t h e  p r e v i o u s  c h a p t e r ,  t h e  n o r m a l i z a t i o n  N  f o r  ip

when i n t e g r a t i n g  o v e r  t w o  v e c t o r  i n t e r p a r t i c l e  c o o r d i n a t e s

( 6 . 1 1 ) on ( 6 . 8 )  g i v e s

- 2 ( z 1 - z 2 )Nfi2
( 2 a [

( z3 - z 1 ) (z2 - z 3 )  - a ( r 1 2 + r 2 3 + r 3 1 )
7e2M r 1 2 r 1 2 r 2 3

- a ( r 1 2 + r 2 3 + r 3 1 )
+ (z1-z2) (V1+V22 +V32 )e ) X s

( 6 . 1 2 )

+
(z3 - z 1 )

2 ( 3 a C
(z2- z 3 )  7 e a ( r 1 2 + r 2 3 + r 3 1 )

r 3 1 r 2 3

i s
N ( 2 a ) 4

(21O1/-a-

2.  S p i n - 2  k i n e t i c  e n e r g y

(6.10)

I n  r e c t a n g u l a r  c o o r d i n a t e s ,  t h e  t r i m e r  k i n e t i c  e n e r g y

o p e r a t o r  i s
2

2 2-  - - (V.21  2  + V2 +  V 3 )M (6.11)

- a ( r 1 2 + r 2 3 + r 3 1 )
+ E z 3 - y ( z 1 + z 2 ) ] ( V + V 2 + V ) e  ) X a }

3 a

The e x p e c t a t i o n  v a l u e  o f  t h e  k i n e t i c  e n e r g y  f o l l o w s  f r o m
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i n t e g r a t i n g  ( 6 . 8 )  t i m e  ( 6 . 1 2 )  o v e r  t h e  t h r e e - p a r t i c l e

p o s i t i o n s .  T h e  o r t h o g o n a l i t y  o f  t h e  s p i n  f u n c t i o n s ,

s p l i t s  t h e  k i n e t i c  e n e r g y  i n t o  t w o  p a r t s  e a c h  i n t e g r a t i n g

t o  o n e  h a l f  o f  t h e  t o t a l .

< K . E . >  =1 .12a2 7 7
M 1 8

o r  i n  t e r m s  o f  ( 5 . 1 5 )

< K . E . >  7 7   x 2
Vo  2 8 8  K

3. S p i n - 2  p o t e n t i a l  e n e r g y

( 6 . 1 3 )

( 6 . 1 4 )

As i n  t h e  p r e v i o u s  c h a p t e r ,  t h e  p o t e n t i a l  e n e r g y  i s

t a k e n  t o  b e  d u e  t o  p a i r  p o t e n t i a l s .  A s  i n  E q .  ( 5 . 2 ) ,

V ( r 1  r ,  2 ' r  )  =  V ( I r 3  t i t  ' 1 , 2 '  (1, I,Ir -r I Ir -r2 I ),1,

= V ( r , s , t )

= V ( r )  +  V ( s )  +  V ( t )

< V ( r 1 2 '  r 2 3 '  r31  )> =  3 < V ( r 1 2 ) >

= 3 ( ( l ) a ' V ( r 1 2 " a ) + 3 ( 4 ' s  ' V ( r 1 2 " s )

C a l l i n g  t h e  i n t e r p a r t i c l e  d i s t a n c e s  r , s , t ,

( 6 . 1 5 )

( 6 . 1 6 )
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w r + s

e f  f f r< V ( r , s , t ) >  =  ( 2 a ) 8  n  4 { j  r 3 s t  V ( r ) e - 2 a ( r + s + t ) d r d s d t
0 O l r -  I

co co r + s
+ 2 f f  f  r s 3 t  V ( r ) e - 2 a ( r + s + t ) d r d s d t l

0 0  I r - s l

( 6 . 1 7 )

4.  M o d e l s

a)  S p i n —  1 s q u a r e  w e l l  p o t e n t i a l2

We c o n s i d e r  t h e  p a i r - p o t e n t i a l

-V o, r . . < r o
V ( r . . )  =1 ]

( 6 . 1 8 )  i n  ( 6 . 1 7 )  g i v e s

0,  o t h e r w i s e
( 6 . 1 8 )

o r + sco
< V ( r , s , t ) > =  — V O ( 2 a ) 8 1 { f f f9 r 3 s t  e - 2 a ( r + s + t ) d r d s d t

0 0  I r - s 1

(6.19)
rO co r + s

+ 2  f  f  f  r s 3 t  e - 2 a ( r + s + t ) d r d s d t )
0 0  ( r - s l

To t h e  r e s u l t 3  o f  i n t e g r a t i o n s  ( 6 . 1 9 ) ,  e x p r e s s e d  i n  t e r m s

o f  x = 4 a r o  f r o m  ( 5 . 1 5 ) ,  a d d  ( 6 . 1 4 ) .

E 7 7  x 2 x6 x 5  1 3 x 4  4 x 3  3  2
=  3 -  - - - - +  + — x  + 3 x + 3 ] e x }  ( 6 . 2 0 )V 2 8 8  K  1 0 8 0  8 0  1 4 4  9  2
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N u m e r i c a l  a n a l y s i s  o f  ( 6 . 2 0 )  g i v e s  t h e  t h r e s h o l d

v a l u e  o f  K .  B e c a u s e  t h i s  i s  a  v a r i a t i o n a l  c a l c u l a t i o n  t h e

e n e r g y  c a l c u l a t e d  i s  a n  u p p e r  b o u n d  t o  t h e  e x a c t  e n e r g y ,

E = 77 x2
Vo 288 K

+ 5 x6 2 x5 1 x4

6 ( 1 + x ) 6 3 ( 1 + x ) 5 2 (1+x)4

so t h a t  K .  c a l c u l a t e d  h e r e  i s  a n  u p p e r  b o u n d .

i s  t h a t

Our r e s u l t

c44. =  4 . 0 7 7 2 2 2  .  ( 6 . 2 1 )

I n t e r p r e t a t i o n  o f  t h i s  a n d  l a t e r  n u m b e r s  a r e  l e f t  f o r  t h e

c o n c l u d i n g  c h a p t e r .

b )  S p i n - 2  e x p o n e n t i a l  p o t e n t i a l

The p o t e n t i a l

i n t o  ( 6 . 1 7 )  g i v e s

V ( r . . )  = o e - r i j / r o

O3 O 3

< V ( r , s , t ) > =  - 1 / O ( 2 a ) 5  g  {  I  .1'0

O0 O 3

+ 2 f  f
00

r + s

I r - s i

r + s

l r - s l

( 6 . 2 2 )

- - 2 a ( r + s + t )
r 3 s t  e  r  d r d s d t

- - 2 a ( r + s + t )  ( 6 . 2 3 )
r s 3 t  e  r °  d r d s d t }

The r e s u l t  o f  i n t e g r a t i o n s  ( 6 . 2 3 )  e x p r e s s e d  i n  t e r m s  o f

x=404ro w i t h  ( 6 . 1 4 )  a d d e d  o n  i s :

[ 2  x 7
3 ( 1 + x ) 7

1 x
3 ( 1 + x ) 3 ]

3 ( 6 . 2 4 )
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N u m e r i c a l  a n a l y s i s  o f  ( 6 . 2 4 )  g i v e s  Kcub f o r  t h i s  p o t e n t i a l .

ub
Kc =  2 . 3 7 3 1 0 6

c )  S p i n - 2  Yu k a w a  p o t e n t i a l

The p o t e n t i a l
r . .

r  . _ 1 - 2 .
V ( r . . )  =  - V  e  r  O

i j  o  r . o13

g i v e s

< V ( r , s , t ) >  =  - V  o 9  (2a)8ro I f f-11
0 0

( 6 . 2 5 )

( 6 . 2 6 )

_ r _ - - 2 a ( r + s + t )
r 2 s t  e  r O

x  d r d s d t
( 6 . 2 7 )

r + sco co r  - 2 a ( r + s + t )
+ 2  f  f  f  s 3 t  e  r °  d r d s d t }

0 0  I r - s l

The r e s u l t  o f  ( 6 . 2 7 )  e x p r e s s e d  i n  t e r m s  o f  x = 4 0 t r o  w i t h

( 6 . 1 4 )  a d d e d  o n  i s :

E =  7 7  x 2  1  x 7  + 1  x 6  + 1  x 5  + 1  x 4  + 1  x 3
2 ]Vo 2 8 8  K  - C 9 ( 1 + x ) 6  6  ( 1 + x ) 5  6  ( 1 + x ) 4  6  ( 1 + x ) 3  6  ( 1 + x )

( 6 . 2 8 )

N u m e r i c a l  a n a l y s i s  o f  ( 6 . 2 8 )  g i v e s  K u b  f o r  t h i s  p o t e n t i a l .c

KubKc =  2 . 8 3 4 6 1 2 ( 6 . 2 9 )
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The r e s u l t  o f ( 6 . 3 1 )

( 5 . 3 2 ) , w i t h ( 6 . 1 4 )

E
Vo

= 77 y2 ( 8
72 K 135

4. [ 1 3 5 y13 +

d)  S p i n - 2  G a u s s i a n  p o t e n t i a l

The p o t e n t i a l
- r 2  ,  r  2• • i

V ( r . . )  =  V  e  1 J13

i n t o  ( 6 . 1 7 )  g i v e s

( 6 . 3 0 )

2
co r + s  - L - - 2 a ( r + s + t )co

< V ( r , s , t ) > =  - V O ( 2 a ) 8  4 r 2  ff f r3st e o d r d s d t
0 0  I r - s i

r + s  r 2co co
+ 2  f  f  f  r s 3 t  e  ro2

0 0  I r - s l

- 2 a ( r + s + t )
( 6 . 3 1 )

d r d s d t }

e x p r e s s e d  i n  t e r m s  o f  Y = 2 a r o 2  f r o m

added  o n  i s :

I  1 3 5  1 5
12 2 6  1 0  1  8Y +  y

( 6 . 3 2 )

y l l - 1 8   y7 '+ y 3 ]  1 7 e Y 2 [ 1 - e r f ( Y ) ] }

N u m e r i c a l  a n a l y s i s  o f  ( 6 . 3 2 )  g i v e s

Kub =  4 . 3 6 8 1 9 6

'  C. Spin- 7  T r i m e r

1.  S p i n - -  t r i a l  w a v e f u n c t i o n

( 6 . 3 3 )

The w a v e f u n c t i o n  f o r  t h e  s p i n - 7  t r i m e r  h a s  t h e  f o r m
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f rom ( 4 . 1 7 )

0 =  g 1  D1 ( a 4 , y )o m o ( 6 . 3 4 )

g1 i s  a  f u n c t i o n  o f  t h e  i n t e r n a l  c o o r d i n a t e s  a n d  i s  a n t i -

symmetr ic  u n d e r  p a r t i c l e  exchanges .  W e  u s e  t h e  a n t i -

symmet r i ze r  ( 6 . 4 )  o n  t h e  f a c t o r

and g e t

(xl-x2)[(Y3-Y1)-(Y2-Y3)]

(x1 y3 -x3 y1 +x2 y1 -x1- v2 +x3-2 -x2- v3 )

f rom w h i c h  we c o n s t r u c t  t h e  t r i a l  w a v e f u n c t i o n

( 6 . 3 5 )

( 6 . 3 6 )

= N ( x  + x  v  X  V  e  )1y 3-x 3y 1+x 2-v 1- x ly2 _ - a ( r 1 2 + 1 1 2 3 4 - r 3 1 )

( 6 . 3 7 )

Tr a n s f o r m i n g  ( 6 . 3 7 )  t o  b o d y - f i x e d  c o o r d i n a t e s  u s i n g  ( 6 . 1 )

we s e e  t h a t

= 31\1 [2n1-C1n2]  Do1 o ( a , 8 , y ) ( 6 . 3 8 )

i n  ag reement  w i t h  ( 6 . 3 4 )  a n d  t h e  a rgumen ts  o f  S e c t i o n  C . 3  o f

Chapter  4 .

For t h e  vo lume  i n t e g r a l  ( 5 . 4 )  t h e  n o r m a l i z a t i o n  A  i s

2 a7 5
N =  ( 6 . 3 9 )

/TT
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. 32. S p i n - 2  k i n e t i c  e n e r g y

I n  r e c t a n g u l a r  c o o r d i n a t e s ,  t h e  k i n e t i c  e n e r g y  o p e r -

a t i o n  ( 6 . 1 1 )  o n  ( 6 . 3 7 )  g i v e s

Nei 2
2M - 8 a [ x l y 3 - x 3 y 1 + x 2 y 1 - x l y 2 + x 3 y 2 - x 2 y 3 ] [ - 1 - 4 -  1  ]

r 1 2  r 2 3  r 3 1

+ a 2 [ x l y 3 - x 3 y 1 + x 2 y 1 - x l y 2 + x 3 y 2 - x 2 y 3 ] [ ( r 1 2 - r 3 1 ) 2

(C'23- I ' 1 2 ) 2  e - a ( r 1 2 + r 2 3 + r 3 1 )

( 6 . 4 0 )

C a l c u l a t i n g  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  k i n e t i c  e n e r g y

f r o m  ( 6 . 4 0 )  b y  m u l t i p l y i n g  b y  ( 6 . 3 7 )  a n d  i n t e g r a t i n g ,  w e

g e t
48 t 2 a 2 - 3  x 2< K . E . > 11 M  1 1  K  " o

33. S p i n - 2  p o t e n t i a l  e n e r g y

< V ( r 1 2 ' r 2 3 ' r 3 1 ) >

b y  ( 6 . 1 5 )  a n d  ( 6 . 3 7 )

12 1 0  c o
-  [ 2  a   ]  33 f0

co co
▪ I I0 0  I r - s l

r + s

r + s

Ir-sl

( 6 . 4 1 )

cp2 V ( r , s , t ) r s t d r d s d t

( - r s s t - 2 r s 5 t + 4 r 3 s 3 t

( 6 . 4 2 )

+ 2 r s 3 t 3 ) V ( r ) e - 2 a ( r + s + t ) d r d s d t
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< l a r , s , t ) > =
12 1 0

[2  a
co 4 a r (  7  6 5 4

]  f  V C r ) e -  r  r 3 +  r 4 +  r 5 '  )dr33 '  2 +
0 1 5 a  5 a  4 a  8 a

D o i n g  t h e s  a n d  t  i n t e g r a l s  i n  ( 6 . 4 2 )

( 6 . 4 3 )

4.  M o d e l s

3a)  S p i n - 2  s q u a r e  w e l l  p o t e n t i a l

I n  ( 6 . 4 3 ) ,  t h e  p o t e n t i a l  ( 6 . 1 8 )  g i v e s

2  f  e
33

1 2 a 1 0 ]  o - 4 a r  r  7 6  5  4
< V ( r , s , t ) >  =  r 3 + o [  +  ) d r

0 1 5 a 2  5 a  r4a4 r 58a
( 6 . 4 4 )

These  i n t e g r a l s  a r e  d o n e  u s i n g  t h e  r e s u l t

r  n  - 4 a r o
o r o e  r o

m e - 4 a r d r  =   +  r  f  r n - 1 e - 4 a r d r
4 a 4 a )  0 0

( 6 . 4 5 )

A d d i n g  i n  ( 6 . 4 1 )  w e  g e t

E =  3  r   x 7  4 .19x6  2 9 x 5 4 4 . x + 3 x 2 + 3 x + 3 ] e - x }
Vo 1 1  )K2 - I ' - ' 7 9 2 0 . 7 9 2 0  1 3 2 0  8  2  2 ( 6 . 4 6 )

N u m e r i c a l  a n a l y s i s  o f  ( 6 . 4 6 )  g i v e s  Kcub f o r  t h i s

p o t e n t i a l .

Kub =  7 . 2 3 8 1 0 1 ( 6 . 4 7 )
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3 x 2 1 x8 2 x7 2 x6 1 x5
Vo 11 K 1 1 ( 1 + x ) 7 + 11 ( 1 + x ) 6 + 11 ( 1 + x ) 5 + 11 ( 1 + x ) 4 ]

b )  S p i n - 1  e x p o n e n t i a l  p o t e n t i a l2

I n  ( 6 . 4 3 ) ,  t h e  p o t e n t i a l  ( 6 . 2 2 )  g i v e s

12 1 0  c o  - [ - 1 —+I la ] r  7  6  5  4
r ,  r  - I uNA

< V ( r , s , t ) > = - V o f O ` 3 3 c  ]  f  e  r 0  r  r + — - - r
0 1 5 a 2  5 a 3  4 a 4  8 a 5

( 6 . 4 8 )

D o i n g  t h e  i n t e g r a l s  a n d  a d d i n g  i n  t h e  k i n e t i c  e n e r g y

f r o m  ( 6 . 4 1 )

E =  3 x 2 [ 7x8 1 2  x 7 + 1 0  x 6  4  x 5
Vo 1 1 K 11 ( 1 + x ) 8 + 11  ( 1 + x ) 7  1 1  ( 1 + x ) 6 + 1 1  ( 1 + x ) 5 ]

( 6 . 4 9 )

N u m e r i c a l  a n a l y s i s  o f  ( 6 . 4 9 )  g i v e s

Kub =  5 . 0 2 1 8 9 8

c )  S p i n - 1  Yu k a w a  p o t e n t i a l2

( 6 . 5 0 )

I n  ( 6 . 4 3 ) ,  t h e  p o t e n t i a l  ( 6 . 2 6 )  g i v e s

12 1 0  - [ 1 - 4 4 a ] r  6  5  4  3
< V ( r , s , t ) >  = - Vo [ O ' _ a  ] r  f  e  r o  ( r  r  r  r+ - - - 4 - - -  *  - - - ) d r

33 o  0 1 5 a 2  5 a 3  4 a 4  8 a 5

( 6 . 5 1 )

D o i n g  t h e  i n t e g r a l s  a n d  a d d i n g  i n  t h e  k i n e t i c  e n e r g y  f r o m

( 6 . 4 1 )

( 6 . 5 2 )
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E 1 2  y 2  8  1 4  3 2  1 2  1 4
=  +{ y  , 10 8 8

+ 5 5  Y_ YVo 1 1  K  4 9 5  '  4 9 5  '  1 6 5

4 6  4. F  8  1 5  4  1 3  4. 2 11 1 9
-  3 3  Y  +  ' - 4 9 5  Y  -  5 5  Y  '  3 3 Y -  1 1  Y

2
+ Z-1  V T  [ 1 - e r f ( Y ) ] 1 ( 6 . 5 5 )y 5 ]  e Y

1

N u m e r i c a l  a n a l y s i s  o f  ( 6 . 5 5 )  g i v e s

Kub =  8 . 8 9 6 3 2 8
c ( 6 . 5 6 )

N u m e r i c a l  a n a l y s i s  o f  ( 6 . 5 2 )  g i v e s

Kub =  6 . 6 5 5 8 4 4
c

3d)  S p i n -2- G a u s s i a n  p o t e n t i a l

I n  ( 6 . 4 3 ) ,  t h e  p o t e n t i a l  ( 6 . 3 0 )  g i v e s

r 2
-  4 a r  716< V ( r , s , t ) >  =  - V o  - 3 7 [ i  e  r o  ( ( 2 a r 1 5 )

0

2(2a5r)6+  +  ( 2 a r ) 5  +  ( 2 a r ) 4 ) d ( 2 a r ) ]

( 6 . 5 3 )

( 6 . 5 4 )

D o i n g  t h e  i n t e g r a l s  i n  ( 6 . 5 4 )  i n  t e r m s  o f  y = 2 a r o =  2  f r o m

( 5 . 3 0 )  a n d  a d d i n g  i n  t h e  k i n e t i c  e n e r g y  f r o m  ( 6 . 4 1 ) ,
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FOOTNOTES

1.  R .  N .  H i l l ,  J .  M a t h .  P h y s .  1 5 ,  9  ( 1 9 7 4 ) ;  M .  E .  R o s e ,

E l e m e n t a r y  T h e o r y  o f  A n g u l a r  Momentum,  ( W i l e y ,  N . Y . ,

1 9 5 7 ) .

2. S e e  A p p e n d i x  A .

3.  T h r e e  p a r t i c l e  i n t e g r a l s  a r e  g i v e n  i n  A p p e n d i x  B .
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CHAPTER 7

CONCLUSIONS

The t r i a l  w a v e f u n c t i o n s  u s e d  i n  t h e  p r e v i o u s  c h a p t e r

w e r e  c o n s t r u c t e d  t o  i n c o r p o r a t e  t h e  e x c h a n g e  s y m m e t r y  a n d

t h e  a n g u l a r  m o m e n t a .  T h e  n u m e r i c a l  r e s u l t s  o f  t h e  v a r i a -

t i o n a l  c a l c u l a t i o n s  w i t h  t h e s e  w a v e f u n c t i o n s  a r e  s u m m a r i z e d

i n  T a b l e  7 - 1 ,  t h e  f o u r  r o w s  c o r r e s p o n d i n g  t o  t h e  f o u r  p o -

t e n t i a l  m o d e l s  t r e a t e d .

From Ta b l e  7 - 1 ,  w e  c a l c u l a t e  T a b l e  7 - 2 ,  a  s e t  o f

d e r i v e d  r a t i o s  t h a t  i s  u s e f u l  i n  e v a l u a t i n g  t h e  m e t h o d s

u s e d .

A.  T h e o r e m s  S a t i s f i e d

1. H a l l  P o s t  l o w e r  b o u n d

The H a l l - P o s t  l o w e r  b o u n d 1  o n  t h e  t h r e e  b o s o n  g r o u n d

s t a t e  e n e r g y  g i v e s  a  l o w e r  b o u n d  o f  t w o - t h i r d s  t o  c o l u m n  G

o f  Ta b l e  7 - 2 .

C 2G = A -

T h i s  i s  s a t i s f i e d  f o r  t h e  m o d e l s  c o n s i d e r e d .

(7.1)



Ta b l e  7 - 1

BINDING
PARAMETERS

2 B o d y 3 B o d y

A. K c ( Z = 0 ) B. K c ( Z = 1 ) C. K c  ub(1=0) ub t = 1D. K c  ( s = 1 / 2 ) ub Z = 1E. K c  ( s = 3 / 2 )

Squa re  W e l l 7 2 =  2 . 4 6 7 4T.

1
72 =  9 . 8 6 9 6

5 9

2 . 0 9 6 0 2 3 4 . 0 7 7 2 2 2
1 3

7 . 2 3 8 1 0 1
1 7

E x p o n e n t i a l 1 . 4 4 6
2

7 . 0 4 9
6 10

1 . 2 2 2 0 4 1 2 . 3 7 3 1 0 6
1 4

5 . 0 2 1 8 9 8
1 8

Yukawa 1 . 6 7 9 8 2
3

9 . 0 8 2
7 11

1 . 4 6 2 6 7 8 2 . 8 3 4 6 1 2
1 5

6 . 6 5 5 8 4 4
1 9

G a u s s i a n 2 . 6 8 4
4

1 2 . 1 0 0
8 1 2

2 . 2 4 7 7 7 2 4 . 3 6 8 1 9 6
1 6

8 . 8 9 6 3 2 8
2 0

1

2

3

4.6.8
5
7

T h i s  f o l l o w s  f r o m  t h e  e x a c t  s o l u t i o n
t o  t h e  r e d u c e d  S c h r o e d i n g e r  e q u a t i o n .
T h i s  i s  f r o m  t h e  t a b u l a t e d  z e r o s  o f
t h e  B e s s e l  f u n c t i o n  i n  t h e  e x a c t
t r e a t m e n t .  M o t t  &  M a s s e y,  T h e o r y  o f
A t o m i c  C o l l i s i o n s ,  ( 1 9 6 5 )
From H u l t h e n  &  L a u r i k a i n e n ,  R e v .  M o d .
P h y s . ,  2 3 ,  1  ( 1 9 5 1 )
N u m e r i c a l  i n t e g r a t i o n
E x a c t  s o l u t i o n
N u m e r i c a l  i n t e g r a t i o n ;  a l s o  R o g e r s ,
Gaboske,  &  H a r w o o d ,  P h y s .  R e v .  A , 1 ,
1577 ( 1 9 7 0 )

9
10
11
1 2
1 3
1 4
1 5
1 6
1 7
1 8

19
2 0

E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n
E q u a t i o n

5 . 1 7
5 . 2 2
5 . 2 7
5 . 3 4
6 . 2 1
6 . 2 5
6 . 2 9
6 . 3 3
6 . 4 7
6 . 5 0
6..53
6 , 5 6



Ta b l e  7 - 2

REDUCED
BINDING
PARAMETERS

F.  B  -
A

CG. A
DH. A

EI . Ti
DJ . F

K. E
T

Square  W e l l 4 . 0 0 0 .849 1 . 6 5 2 2 . 9 3 3 . 4 1 3 .733

E x p o n e n t i a l 4 . 8 7 5 .845 1 . 6 4 1 3.47.3 .337 . 7 1 3

Yukawa 5 . 4 0 7 . 8 7 1 1 . 6 8 8 3 .962 .312 .733

G a u s s i a n 4 . 5 0 8 . 8 3 8 1 . 6 2 8  3 . 3 1 5 . 3 6 1 .735



93

2. B r u c h - S a w a d a  u p p e r  b o u n d

T h e r e  i s  a n  u p p e r  b o u n d 2  o n  t h e  t h r e e  b o s o n  g r o u n d

s t a t e  e n e r g y .  T o  b e  a n  i m p r o v e m e n t  o v e r  t h i s  b o u n d ,  o u r

u p p e r  b o u n d  m u s t  s a t i s f y :

( 7 . 2 )

T h i s  i s  e a s i l y  t r u e  i n  a l l  c a s e s .  T h i s  s a y s  t h a t  t h r e e

b o s o n s  b i n d  b e f o r e -  t w o  d o .

3. H a l l  l o w e r  b o u n d s  f o r  f e r m i o n s

3The H a l l  l o w e r  b o u n d 3  f o r  t h e  s p i n - 7  t r i m e r  r e l a t e s

i t s  g r o u n d  s t a t e  e n e r g y  t o  t h e  Z = 1 ,  t w o - b o d y  g r o u n d  s t a t e

e n e r g y.  F r o m  i t  w e  g e t  a  l o w e r  b o u n d  t o  c o l u m n  K

K =  E  >  2T3- - (7.3)

( 7 . 3 )  i s  s a t i s f i e d  f o r  e a c h  c a s e ,  t h o u g h  i t  i s  n o t e d  t h a t

o u r  u p p e r  b o u n d s  g e t  q u i t e  c l o s e  t o  t h i s  l o w e r  b o u n d .
1The H a l l  l o w e r  b o u n d  t o  t h e  s p i n - 7  t r i m e r  r e l a t e s  i t s

g r o u n d  s t a t e  e n e r g y  t o  t h e  f i r s t  t w o  s t a t e s  o f  t h e  t w o -

body  p r o b l e m .  F r o m  t h i s  w e  g e t  t h e  l o w e r  b o u n d  t o  c o l u m n

H:
H D 2>A

w h i c h  i s  s a t i s f i e d .

( 7 . 4 )
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B. C o n j e c t u r e s  S u g g e s t e d

11.  S p i n  7  l i e s  b e l o w  s p i n  7

1T h a t  t h e  s p i n - 7  f e r m i o n  t r i m e r  b i n d s  b e f o r e  t h e  s p i n -

3 t r i m e r  w a s  s u g g e s t e d  e a r l i e r .  I t  s e e m s  b o r n e  o u t  b y

D <  E  ( 7 . 5 )

w h i c h  i s  t h e  c a s e  f o r  e a c h  m o d e l  p o t e n t i a l .

2. T h r e e  f e r m i o n s  b i n d  b e f o r e  t w o  b i n d  w i t h  k = 1

T h i s  c o n j e c t u r e  i s  b a s e d  o n  t h e  f a c t s  t h a t

J =

K =

D
B
E
B

< 1

< 1
( 7 . 6 )

C o m p a r i n g  t h e  n u m b e r s  o n  t h e s e  c o l u m n s  o f  T a b l e  7 - 2  t o

t h o s e  f o r ( 7 . 2 ) i t  a p p e a r s  t h a t  t h i s  c o n j e c t u r e  i s  v e r y

l i k e l y ,  t h o u g h  i t  h a s  n o t  b e e n  p r o v e n .

13. T h e  l o w e r  b o u n d  o n  t h e  s p i n - 7  t r i m e r  i s  o n e  h a l f

t h a t  o f  t h e  s p i n - 7  t r i m e r

T h i s  i s  a  m u c h  s t r o n g e r  c o n j e c t u r e  t h a n  ( 7 . 5 )  a n d

w o u l d  b e  t h e  a n a l o g u e  o f  ( 7 . 3 ) .  T h e  s t a t e m e n t  i s  t h a t

J D >  1—B -
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L o o k i n g  a t  c o l u m n  J  o f  T a b l e  7 - 2 ,  w e  s e e  t h a t  t h i s  c o n -

j e c t u r e  i s  s a t i s f i e d  f o r  a l l  b u t  t h e  y u k a w a  p o t e n t i a l .

The r e a s o n  w h y  t h e  y u k a w a  p o t e n t i a l  i s  e x c e p t e d  c a n  b e

u n d e r s t o o d  i n  t e r m s  o f  t h e  t = 0  n a t u r e  o f  i t s  f i r s t  e x -

c i t e d  s t a t e .  T h i s  i s  s u g g e s t e d  b y  t h e  C a r r  P o s t  i m -

p r o v e d  l o w e r  b o u n d . 4

C. I m p r o v e d  U p p e r  B o u n d s

1 .  B o s o n  t r i m e r s

The u p p e r  b o u n d s  c a l c u l a t e d  f o r  t h e  b o s o n  c a s e s  l i e

c o n s i d e r a b l y  b e l o w  t h o s e  p r e v i o u s l y  k n o w n .  C o l u m n  G  o f

Ta b l e  7 - 2  i s  b o u n d e d  b e l o w  b y  . 6 6 7 .  T h e  B r u c h - S a w a d a

u p p e r  b o u n d ( 7 . 2 ) f o r  t h i s  c o l u m n  i s  1 .  T h e  s q u a r e  w e l l

has  b e e n  l o o k e d  a t  b y  S i t e n k o  a n d  K h a r c h e n k o , 5  t h e i r

v a l u e  f o r  o u r  c o l u m n  G  i s  0 . 8 .  H u m b e r s t o n ,  H a l l ,  a n d

Osborn6  h a v e  s t u d i e d  t h e  e x p o n e n t i a l  a n d  y u k a w a  p o t e n t i a l s .

Our v a l u e s  a g r e e  w i t h  t h e i r s  w i t h i n  t h e  p l o t t i n g  a c c u r a c y

o f  t h e i r  g r a p h s .

2. F e r m i o n  t r i m e r s

a)  S p i n - 2

The H a l l  l o w e r  b o u n d ( 7 . 3 ) i n  c o l u m n  K  i s  . 6 6 7 .  O u r

u p p e r  b o u n d  c o m e s  e x t r e m e l y  c l o s e  t o  t h i s  l o w e r  b o u n d
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t h u s  d e t e r m i n i n g  t h e  t h r e s h o l d  b i n d i n g  p a r a m e t e r  q u i t e

w e l l .

b )  S p i n

Our  u p p e r  b o u n d s  i n  c o l u m n  J  c o m e  e x t r e m e l y  c l o s e

t o  t h e  c o n j e c t u r e d  l o w e r  b o u n d s .

D. F u t u r e  A p p l i c a t i o n s

The f o u r  p o t e n t i a l s  s t u d i e d  h e r e  i n d i c a t e  t h a t  t h e

f o r m  o f  t h e  t r i a l  f u n c t i o n s  u s e d  i s  e s s e n t i a l l y  c o r r e c t

and t h a t  t h e  m e t h o d  o f  i n c o r p o r a t i n g  s y m m e t r y  r e q u i r e m e n t s

h e r e  w i l l  e x t e n d  t o  m o r e  r e a l i s t i c  c a s e s .

More s p e c i f i c  n u m e r i c a l  r e s u l t s  f o r  p h y s i c a l  t r i m e r s

r e q u i r e  t h a t  m o r e  a p p r o p r i a t e  p o t e n t i a l  m o d e l s  b e  t r e a t e d

i n s t e a d ;  m o d e l s  t h a t  m o r e  c l o s e l y  d e s c r i b e  t h e  i n t e r -

m o l e c u l a r  f o r c e s  a r e ,  f o r  e x a m p l e ,  t h e  L e n n a r d - J o n e s  1 2 - 6

p o t e n t i a l  o r  t h e  M o r s e  p o t e n t i a l .  T h e  q u a l i t a t i v e  d i f -

f e r e n c e  o f  t h e  m o r e  r e a l i s t i c  m o l e c u l a r  m o d e l s  f r o m  t h o s e

t r e a t e d  h e r e  i s  i n  t h e  r e l a t i v e l y  t h i c k  c o r e s  o f  t h e  p o -

t e n t i a l s .

W h i l e  m o s t  o f  t h e  a l g e b r a i c  s i m p l i c i t y  o f  t h e  v a r i -

a t i o n a l  e n e r g y  e x p r e s s i o n s  w i l l  b e  l o s t  i n  g o i n g  t o  m o r e

c o m p l i c a t e d  p o t e n t i a l s ,  a n d  w h i l e  n u m e r i c a l  s o l u t i o n s

seem a l m o s t  c e r t a i n ,  n e v e r t h e l e s s ,  i t  i s  h o p e d  t h a t  t h e
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bounds d e r i v e d  o n  t h e  b i n d i n g  p a r a m e t e r s  f o r  t h e  more

r e a l i s t i c  p o t e n t i a l s  w i l l  b e  e q u a l l y  a s  g o o d  a s  t h o s e

f o r  t h e  f o u r  mode ls  s t u d i e d  h e r e .

I t  i s  a l s o  b e l i e v e d  t h a t  t h e  same a p p r o a c h  i s  a l s o

a p p l i c a b l e  t o  o t h e r  f e w  b o d y  p r o b l e m s  s u c h  a s  t h e  f o u r -

body p r o b l e m ,  t h o u g h  l i t t l e  i n f o r m a t i o n  e x i s t s  a b o u t

t hese .
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D 00 = cos

D110 = e i y  1  — s ins
/7

= 1 ( c o s y  +  i s i n y ) s i n a
VT

D0 -1
- i y  1= - e  —

1/7
1s ins  =  — (-cosy +  i s i n y ) s i n a

D110= - e i a  1  s i n s
IT

1
D11 = i (c°Ocos213i ( a + Y )  1  ( 1  +  c o s a )  =  ee 7

D -1
= e 1 ( a - y )  1  C l   =7- f 3  - cos) i ( a - y )  2 1 3 e  s i n  7-

D11 =
e - i a  1  — s ins

0 IT

D1 --11 = e - i ( a - y )  1  ( 1  -  c o s a )7 =

D1-1 -1
e - i ( a + Y )  1  ( 1  +  cosc3)

7 = e — i ( a + y ) c o s  213_2

APPENDIX A

RIGID ROTOR WAVEFUNCTIONS FOR Z=1
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.2 m n I ( Z , m , n )

-1 1 1 ( 5 / 1 2 ) a - 4
1 1 0 ( 5 / 1 6 ) a - 5
1 1 1 ( 7 / 1 6 ) a - 6
2 1 0 ( 9 / 1 6 ) a - 6
2 1 1 ( 7 / 8 ) a - 7
2 2 1 ( 3 1 / 1 6 ) a - 8
3 0 0 ( 3 / 4 ) a - 6
3 1 0 ( 2 1 / 1 6 ) a - 7
3 1 1 ( 8 / 4 ) a - 8
3 2 0 ( 5 1 / 1 6 ) a - 9
3 2 1 (351 /64 )a -9
3 2 2 (435 /32 )a -10
3 3 0 (621 /64 )a -9
3 3 1 (1089 /64 )a -1 °
4 1 0 ( 1 5 / 4 ) a - 8
4 1 1 (225 /32 )a -9
4 2 1 (75 /4 )a -10
it 3 0 ( 11 2 5 / 3 2 ) a - 1 °
5 0 0 ( 4 5 / 8 ) a - 8
5 1 0 (405 /32 )a -9
5 1 1 ( 8 2 5 / 3 2 ) a - 1 °
5 2 0 (1245 /32 )a -1 °
6 1 0 (1575 /32 )a -1 °
7 0 0 ( 3 1 5 / 4 ) a - 1 °

APPENDIX B

THREE-PARTICLE VOLUME INTEGRALS

r t s m t n e - a ( r + s + t )  d r  d s  d t
I ( Z , m , n )  E  11 % 0  / : = 0  / - I t I r - s l
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